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B a n d u r a  A .I .

PROPERTIES OF POSITIVE CONTINUOUS FUNCTIONS IN C"

The properties of classes Q£ and Q of positive continuous functions are investigated. We prove 
that some compositions of functions from Q belong to class Q£. A relation between functions from  
these classes is established.

Key words and phrases: positive function, continuous function, several complex variables.
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I n t r o d u c t i o n

Introducing entire functions of bounded L-index in direction (see [1 ] )  we have to impose 
additional conditions to a continuous function L : Cn —>· 3R+. We suppose that L Є Q£ (see 
below (5)). It is necessary to establish criteria of boundedness of L-index in direction and to 
apply L-index for solutions of partial differential equations or for entire functions with "plane" 
zeros [3].

Such conditions describe a behavior of slice function L(z° +  tb), z° Є C", t Є C. It provides 
that function L does not rapidly change as |z| -» oo. In one-dimensional case Sheremeta M.M. 
[5] used a class Q of positive continuous functions I =  l(t), t Є C, satisfying some additional 
conditions. In fact, l(t) =  In \t\, l(t) =  \t\x, а. Є 1R+ belong to Q.

It is interesting: what are examples of functions from Q£? To answer the question we con­
sider compositions of functions from Q. Thus, it is a natural question: how to build a function 
L Є Q’l  by a function І є  Q?

1 P r e l i m i n a r i e s  a n d  d e n o t a t i o n s

For η > 0, z =  (z i,.. . ,z n) Є C”, b =  (b\,. . .  ,b n) Є C" \ {0 } and a positive continuous 
function L : C” —* 1R+ we define

λ\ (ζ, η) =  inf{Aj (z, to, η) : t 0 e  C }, (η) =  inf{A^ (ζ, η) : z Є Cn}, (2)

and
A j(z, ( „ , , ) =  sup (3)

©  Bandura A.I., 2015
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λ%(ζ,η) =  sup{A%(z,t0,q )  : t 0 e C } ,  λ%(η) =  sup{A2 (z, 77) : z Є C'1}. (4)

By Q£ we denote the class of functions L, which for all η > 0 satisfy the condition

0 < λ\(η) <  A2 (77) < + 00. (5)

For a positive continuous function /(f) for f Є C and to Є C, η > 0 we denote Ai(fo, tj) =  
Ajj* (0, to, η) and A2(fo, η) =  λ\ (0, t0, η) in the case z =  0, b =  1, n — 1, L =  Z, and

λχ(η) =  inf{Ai (to, η) : t0 Є C }, λ2(η) =  sup{A2(ί0,η ) : ίο Є C}.

As in [5], by Q we denote the class of positive continuous functions /(f), f Є C, which 
satisfy the condition: 0 < Аг (?/) < A2(//) < + 0 0  for all η > 0. In particular, Q =  Q|.

2  E l e m e n t a r y  p r o p e r t i e s  o f  f u n c t i o n s  f r o m  Q £

Investigating the properties of entire functions of bounded L-index in direction we obtained 
following propositions about class Q£.

Lemma 1 ([1]). I f  L Є Q£, then L є  Q$b for every Θ Є C\{0}, and i/L Є Qj^ and L Є Q£2 then 
1 є  Qb!+b2 io ra n y b i,b 2 Є Cn.

For / Є Q we denote

Zi(f,H>) =  (|f| +  |w| +  l)l(tw ), l2(t,w ) =  ( И  +  1  )l(tw), /3 (t,w) =  (\t\ +  1  )l(tw),

where t, w Є C.

Lemma 2 ([2]). I f  І Є Q, fhen Vb Є C2 h  Є Q^, /2 Є Q ^, /3 Є Q\2, w here Ьг =  (1,0), 
b2 =  (0, 1 ).

For / Є Q we denote U(z) =  /(|(z, m)|), where z Є C", m Є Cn.

Lemma 3 ([4]). I f  І Є Q, then /4 Є Q£ /or every m Є C" and every  b Є C".

For / є  Q we denote Zs(z) =  Z(|z|), z Є C".

Lemma 4 ([4]). I f l e Q ,  then l5 Є Q£ for every  b Є C”.

It is easy to see that Lemmas 2, 3, 4 propose possible ways to construct a function L Є Q£ 
by a function Z Є Q. Below we prove a generalization of Lemma 2 for C" (see Theorem 1).

Let L*(z) be a positive continuous function in C”. The denotation L x  L* means that for 
some 0i,02 Є IR+, and for all z Є C'! the inequalities θ\L(z) < L*(z) < 02L(z) hold.

Lemma 5. I f L e  Q£ and L x  L*, then L* Є Q£.

Proof. Using the definition of Q£, we have

L*(z +  fb) i i ηinf ω  : |f -  f0| < I
zeC" f0eC IL  (z +  fob) L* (z +  fob)

> inf inf
r 0iL(z +  fb) 7

mile,L(2 + inb V l t - ' o l£2GC"f0eC  I  02L(z +fob) 0iL(z +  fob )J

| ΐ ω  М ІП (( ^ ± 4 І И>„ , 0|< 7 ) > o ,
02 zeC"tO€C lL (z +  fob) 0iL(z-I-fob) J

because L Є Q£. Besides,

L*(z +  fb) _f  L  [Z +  f b )  , 7  Ί

S J g sup і Ї Ч 2 Т Щ }

θ2 f L(z +  fb) . . η і
=  s  Ж Щ + Щ І

<  + 00.

Thus L* є  Q£. □

3  M a i n  t h e o r e m

Now we prove several propositions that indicate ways of construction of functions from the 
class Q£.

Theorem 1. I f  І Є Q and inf {Z (f) : f Є C} =  c > 0, then L Є Q£, w here

k- 1
i n

k=1 j=1 /=fc+l ' '/=1 ' /Є0l(z) = J(i + E  (|bfci n i z/l П  (l̂ l + I^D))^!!2/)' axid Π(·) = 1·

Proof Note that in the definition of it is required that inequality (5) holds for all η >  0. 
But in view of (l)-(4) function λ*(η) is nonincreasing and λ\(η) is nondecreasing. So it is 
sufficient to require in definition of Q£ that inequality (5) is true for all η >  1. Indeed let this 
inequality holds for η* > 1. Then for all η such that 0 < η < l  < η* < +oo, the following 
inequalities hold λ^(η) > λ\(η*) >  0, λ^(η) < Aj (η*) < +oo. Thus inequality (5) holds for 
all η > 0. Below we assume that η > 1.

Besides, we suppose that inf{Z(f) : f Є € }  =  1. If this infimum does not equal 1, then we

can consider the function lit) =  . -—r ,  for which this equality holds.
v ’ mf{Z(f) : t Є € }  n J

So we consider the case η >  1 and inf{Z(f) : f Є C} =  1. We shall prove that for all η >  1 
the following inequalities hold

jg, ψ  ί ( 1 + E  (\h\ Π  \zj + ¥\ Π  (Izi + ¥\+ 1*71)))1 ( Ш  + ¥))iuec k=l j= 1 j=k+ 1 j= 1

/ ( ( 1 + ΣΖ(ΐ Ι̂ ΠΙ*/ + ¥°Ι Π  (lz; + '̂i0l + І '̂І)))г(П(2/ + ь/̂ 0) ) ) : 
fc=l ;=1 j=k+l j= 1

|f -  f°| < -------- ---------- — -------- —------------------------------------------- 75— ^---------- j  > 0
( i + £ ( N  П \zj +  bjfi\ П (I2/ + byf°| + \bj\))) z( П (z/ + b/f0)) J
v fc=l V ;=1 j=k+l 4;=i 7

and



sup sup sup j  ( l +  £  (\bk\ Y l \ zj +  bjt\ J~[  (\zj +  bjt\ +  \ b j\ ) ) ] l (Y l ( z j  +  bjt
ze€" f°eC f I fc=l /=1 ;'=fc+l /=1

1 + E ( | f r f c l  Γ Ί Ι Ζ7 +  Μ °Ι π  (lz/ +  V ° l  +  N ) )  ) ; ( ] Л ( 27 +  M ° ) ) )  : 
fc=l /= 1  /= * + 1  /= 1

Iі -  *°l <  ------ 7 - ------^ -------------------------- — --7-й------------7 T  < °°·
*1 1

( 1 + £ ( |6jr!
jfc- 1
ΠΙ\Zj +  bjt°\ Π (Iz;+V°| + |

7=fc+l
|6;|)))'(Π(ζ/+ !-/))1 J

(7)

For this end we use the fact that / Є Q. According to our choice inf {Z (i) : t Є € }  =  1 and

it—і
( ι  + Ε ( Ν Π Ι ζ; +  ¥ ° Ι  Ґ і  (\zj + bjt°\ + \bj\)^l(f\(zj + bjt0)) > 1.
4 fc=l j = 1 j= k + 1 ;= 1

Hence, we obtain that

| f-f°| <  ----------------------------------- ------------------------------------------ ----- ----------- < η .  (8)
( l +  Σ  (\bk\n\zj +  bjt°\ Π  (|z/ +  bjt°\ +  |by|))) ϊ (  Π ( ζ 7· +  bjt° 4 
v jfc=l v 7=1 7=fc+l 4;= 1

It remains to estimate the module

Π ( ζ /  +  bjt) -  Π ( ζ ,  +  bjt®) =  I (  Π ( ζ7 +  b)/ 0  -  (Z1 +  М ° )  Π ( Ζ7 +  ¥
7=1 7=1 ;=1 /=2

(9)

+  f (zi +  M °) Π ( ζ; +  V ) -  № / +  ¥ ° )  Ш +  V ) )  H
7=2 7=1 7=3

+  (  Π ( ζ7 +  ¥ ° )  № 7  +  V )  ~ № /  +  V ° )  Π  (z; +  ¥ ) )  ■+
7=1 j —k 7=1 7=fc+l

+  ( ( z7 +  bn t)  Π ( Ζ7 +  bjt®) -  Π (  Z;- +  b/ ί 0 ) )  |.
7=1 /=1

We estimate each of obtained n differences separately. In particular n-th difference can be 
estimated as

(Zj +  Μ) П  (z 7 +  fyf°) -  Π ( ζ 7 +  b jt ° )  =  Π  I Zj +  bjtol I b„\ 11 -  ίο I
7=1 7=1 /= 1

^ n p i 1 \zj  +  b jto I I M  _____________  1

( l  + 1£  (Μ Π  |zy +  6/| Π  i(|2y +  6 / 1  +  16,-D) )  ί (  Π  (z; +  6/ )

Applying the inequality (8) and using that η > 1, (n — l)-th differences can be estimated as

n—2 n—1 n—2
Y l(z j +  bjt°) f j  (Zj +  bjt) -  Y [ ( z j  +  bjt°) (Zj +  bjt) = Y ~ [\ z j  +  bj t°\\bn_ 1\\t -  t°\\zn +  bnt\ 
7=1 j= n —l  7=1 7=1

=  ]^[ I2/ +  byi°| |Ьи-і11£ -  i°| lzn +  bnt° +  bn(t — *0)1 
7=1

< J~[ I2/ +  bjt°\ \bn-\\ \t — i°| +  Π  lz7 "t" bjt°\ \bn-i\ \b„\ \t —t°\2 
/=1  7=1

7'^n-l
n

η Π   ̂ lz;- + V o l  l^ - iI
 < -------------------------

k - 1
( l+  E ( N  П |z,+6/| П (|zy + 6 / 1  +  |6,·| )))ζ( π  (z; +  6/ ) )
4 /c=l 4 7=1 7=fc+l 7=1

n—2
η  Π  \zj + b j t 0 \ \bn-i\  \bn\

+ 7=1

i+  £  (|bfc| ΓΊ \zj +  bjt°\ π  (\zj +  bjt°\ +  \ b j\ )))i(n (z j +  bjt°
fc=1 4 y=l 7=fc+l /y 4 7=1

<
Π l2;+V ol lb"-ll + π  \Zj + bjtol \bn-i\  \bn

V7 = l ,7 / n - l  _______________7=1___________________________________________________

( l +  E  (|6jt| n l |zj + 6 / |  Π  (|z, + 6 / |  +  |6,|))) f (  n (z , +  6 / ) )
 ̂ fc=l v ;=1 7=fc+l 7 7 7=17=1 7=

For arbitrary k-th difference, 1 < k < n, of (9) we can obtain estimate

Π ( ζ7 + ν ° ) Π ( ζ/ + V )  - Π ( ζ7 + ¥ ° )  Π  (zj + bjt)
7=1 j=k  7=1 j= k + l

k—1 π
= Π  !z/ + b;-i°| Π  lz7 + byf| |fyc| |ί-ίο|

7=1 7=fc+l

=  Π  lz7 +  bi t0\ Π  \Zj +  bjt° +  b j ( t -  t°)\\bk\ \t- ίο I
7=1 /=fc+l

< Π Ι Ζ; +  ¥ ° Ι  Π  (lz7 +  ·̂ί°| ч- |by| |i — i°|)|bfc| |i — iol
7=1 7=fc+l

<
v\bk\ n i z7' +  b;i°| π  (\zj +  bjt°\ +  \bj\ri 

____________ M__________ 7=fc+l_________________

( l  +  Π(|Ζ/ +  6 / 1  + 16,|) -  π  \tj +  6/ | )/ ( n ( z ;

>/"-‘ i6iti n p ;  izj + t / ι  π  (iz,·+ б/ ι  +  |6,dT f c - 1

7=fc+l

( l  +  Π  (I2/ +  bjt  °| +  |b;-|) -  T I U  I Zj +  b j f i \ ) l (  Π  (z/ +  b jt0
7=1 7=1

Thus, returning to (9) and considering that < //" for all /, 1 < ;  < n, we obtain the 
following inequality



Y l ( z j  +  bjt) -  Y [ ( z j  +  bjt°)
j=1 j=1

iyn-*|b*| Π 1 1Zj +  bjt0 1 Π  (|2; +  b,4 °| +  \bj\)
<  Λ  / = 1  / = * + 1

ι- '  ( i+  E (M  ‘n iz j + b/l Π (|ζ, + ^»| + Ν ) ) ) ' ( Π ( ζί + ν 0))
V fc=l /=1 /=fc+l Ч7=1

< 7 " Е

/-1 І= М

„ \Ьк\П \zj+bjt°\ Π  (|ζ; +  6; ί0| +  |6,|) 
/=! /=fc+l

fc=i Μ Π ( ζ /  +  6/ί°
/=i

1
X

i  +  E L i  (ibfcl Π1 |z,- +  b jfiІ n  (|z/ +  b jfii + 1bj 
4 /=1 /=fc+l

ί/η £  ( N  ΓΊ |z/ +  b;i°| Π  (|zy +  ty°|  
fc=l V 7=1 /=fc+l

( i  +  E t ( Μ  Π  |z/ +  ty°l Π  ,(1 4  +  V 0 ! +  I M )))  * ( Д (z' +  bi fi

< ,n
'( П ( г ,  +  6/ ) )

Then for all η >  1

' i +  E  ( ї м  π Ί ζ ;  +  6,·ί| Π  (|г, +  і>/»І +  |Ь/І))) t i n ^  +  bji 
k= 1 '  j=l j=k+ 1 '  '  '  j=l

inf inf infinf J
Z€c«,»ec t | Λ +  £  Λ I n ’·|2 + κ °|  n  (|zy +  6,f°| +  |b/l))) f (  l i f e +  t y °  

v Jfe=l V ;=1 j=k+l V7=1

| f - f ° | <  ”  1

' ( n (ζ, +  ty » ) )  ( l  +  j :  ( м  П І * ,  +  »,«°І n+ i(|z/ +  ty°l +  M ) ) )

fc- 1
c , 1 +  E  ( M  Д  Ni +  M  П  (]z/ +  Μ  +  Ν

>  inf inf inf < -------------------- -J—---------------------------------------------------- ■ \t — tu\ <  η

2ЄС” i0eC f ^ ( l  +  Д  ( N  Π  |z;· +  b / l  ,Π + ι(|ζ;· +  b7i°| +  I bj i ‘ '

x inf
zeC" t°eC t

( l ( l l ( z j  +  ¥
inf inf - t i ------------ Y l ( z j  +  bjt) -  Π (Ζ ; +  bjt°) <

l  / ( Π  (Zj +  b/#0)) /=1 h  1 l (  Π  (z/ +  b/#0))  J
v;=i 7 v;=i

(10)

The first factor in the obtained inequality is a fractional rational expression with the same

degrees of the numerator and denominator by variable Z j,  and by t, t°, respectively. Thus the 
corresponding infimum is not equal to zero. Suppose that the second expression equals zero. 

Then there exists sequences (z?), (t°),  for which

< - r - £ ----------  -> 0.
; ( n ( z f  +  v .

¥  / 1 „— ~ T : Π Ц· +  ¥ )  -  № , p +  ¥ °p ) -  ,  n
Ц п ( г 1 +  ¥ p ) )  7=1 i=1 i { n ( z j +  bjto

p->+oo

Denoting u p(t) =  Π  (z? +  bjt), and vp(t°)  =  Д  (z.P +  bjt0 ), we obtain that
/=l j=l

l (uP(0 ) . u, m  ^ ·/ i Q

But

inf, { щ щ  ■ <  т ^ щ ]  > У І ц Щ Т )  ■■ l“ - ν ί ) Ι  £

and inf inf j  j^j· : |m — v\ <  - щ  |  =  0 , that contradicts the condition І Є Q. Thus, the second

factor in (10) is also positive, so the inequality (6) is correct.
Using similar considerations, we can prove the similar inequality for su p . Indeed, for all 

η >  1  the following inequalities hold

k- 1

sup sup sup
zee» f°ec

( l  +  tE  ( Ν  Π  |z; +  b;f| Π  i (|z/ +  b,t] +  jby|)))  / (  Д ( 2/ +  ίι,ί))

,Γ l ( l +  £  (|6t | rflZ j +  b / l  Π  (|ζ,· +  6 /|  +  | 6 ,·| )))ί(Π (ζ , +  6,·ί°
4 k = i4 /=i /=fc+i ;=1

I ( Π  (Zj +  i’j, ° ) )  ( l  + t ( \ h \  Π  |ZJ +  b,f°l ή  (|z, +  6,i»| +  |b,

,  ( i +  е Д іМ  Π  |ζ,· +  ν ΐ  n+i(|z,- +  V I  +  N ) ) )
<  sup sup sup < ------------------- — -------------------------------------------------, ^ 1 +  » , ,  ̂  |2 ή  0| +

ν A;=l 4 /=1 /=fc+l
zeC '1 f°eC

|t - 1°| <  1

x sup sup sup
z€C " fOGc  f

i +  E  ( ї м  Π  |zy +  bjt°\ π  (|z, +  b / j  +  |by| ))) j 
fc=l 4 /=1 ;=fc+l y y

Am+¥)) n „
] “ТІЇ----------------г  : П ( 2/ +  ЬІЬ) -  Π ( ζ; +  bit ) -  “ ΤΊϊ-----------------r  f
I / (  Π  (Z; +  b j f i ) )  M  i= 1 I (  Π  (Z; +  & / ) )  J

(11)



f  ( ι +  Σ  (|bjt| ri|2;- + |!b7-i| Π (|zy + b;i| + |b/|)))
k=1 /=1 ;'= fc+ 1 u i.0sup sup sup < -------------------— ------------------------------------------------ : |f — f

zee i°ec  < l ( i + £  (H n in lzy  +  b / l Π  (|2/ +  Ь/1°| +  |^|)))
4 fc=l v ;= l  ;= fc+ l

As above for infimum in the first brackets we obtain a fractional rational expression with 
the same degrees of the numerator and denominator by Zj, and by t, f° respectively. Hence 
corresponding supremum does not equal infinity. Suppose that the second expression is equal 
to infinity. Then there exist (z?), (t°p ) with property

sup
1 I /

( n t f  + ty)) „№; + ¥) - Щ  + bfi) < — oo.
p-++oo

+  i> № ) ’ > = ' ’ M  ’ " ; ( n ( z ,  +  b,f»))
4 /= 1  7 4 7=1 7

Denoting up(t) =  П (zf  +  bjt), and vp(t°p) =  П  (z[  +  bjt°p), we obtain

T  : K ( t ) ' I,p(,?)l s
But

T  ^ ї м Ш : |u,,<' ) “  Vp('‘° )] -  щ щ }  -  s“ p : |u “  ” ' ’ ® 1 s

and sup;,GCsupl( | щ  : \u — v\ < =  oo, that contradicts the condition І Є Q. Thus, the
second factor in (11) is also positive, so the inequality (7) is valid. Hence, we deduce that the
function

Vi + E(|bfc| ΠΝ П (\zi\ + \bi\)))l( t l zi
L fc=l 7=1 7=fc+l 7=1

belongs to the class Q£. □

4  R e m a r k s  t o  M a i n  T h e o r e m

Remark 1. The condition  inf{/(i) : t Є C} =  c > 0 is not essential. In fact, every function  
І Є Q, which satisfies the equality  inf{/(f) : t Є C} =  0, can be replaced by the function  
I (t) -f 1, which also belongs to the class Q.

Proof. Indeed, for the positive continuous function /(f) the inequality holds

i w < i w ± i < m + 1  (12)
!((„) -  /(to) + 1 m  { ’

where the right part is true for all t, to Є C, and the left part is true for all t, to Є C such that
/(f) < I (to). The right inequality is equivalent to the following

l ( t o ) ( l ( t )  +  1) <  ( l ( t )  +  l ( t o ) ) ( l ( t o )  +  l )  or l ( t o ) l ( t )  +  l ( t o )  <  l ( t ) l ( t o ) +  l2 ( t o ) + l ( t ) +  l ( t o ) ,

i. e. 0 < l2 ( to)  +  l ( t ) .  But this inequality holds for the function /(f) for all f, to Є C.
From the left part we similarly obtain l ( t ) l ( t o )  +  l ( t )  < l ( t o ) ( l ( t )  +  1). Hence /(f) < /(ίο)· 
Evaluating the supremum for the right part of inequality (12) and the infimum for the left 

side and using that l ( t )  Є Q, we obtain

0 < inf і щ : |f -  ' o| £  т ‘ є  c l  -  “  ( m : 11 _  ' ol s  ш т ї ’ 1 є  c }

5 5 и р { щ Ї г : і ' - (» ^ І М Т Ї ' ' є С }  

- s u p ( m + 1 : , , ~ t o l - T M T r t e C }

These inequalities imply /(f) +  1 Є Q. □

Remark 2. In fact, analysis o f  the p ro o f o f  Theorem 1 indicates that we can som ehow  de­
crease function L. For each  b =  (b\,b2/. ■ ■ ,b n) Є C", such that ΓΊ/=ι |b/l /  0, ! 6 Q and
inf {/(f) : f 6 C } =  c >  0, we have L Є Q£, where

L(z) = ]{L (\bk\ Yl\zi\ П (\zj\ + \bi
k = l  7=1 j= k + l

The appearance of term 1 in the proof of Theorem 1 is necessary for lower estimate of the
( n k— 1 n \ j

Σ  {\h\ П \zj\ Π (I zj I + \bj\))) / where j  =  1 ,2, . . .  ,n. We can take the direction
*= 1  7=1 j= k + l  '

_  f  n n
b =  b / П  \bj \ instead of b under the previous condition П I by І Ф 0, because by Lemma 1 the

/  7=1 7=1
function L belongs to the class Q̂ b, with Θ =  „ 1 .

Д bi
Then all considerations of previous theorem should be repeated, omitting the term 1 in the 

appropriate places. Alternatively we can take a larger function.

Remark 3. I f  І* Є Q, І Є Q, inf{Z(f) : f Є C} =  c > 0, and for all z Є C” the following
inequalities hold

Γ ( Π Ζ/) > * ( ι  +  Σ  ( Ν Π Ν  Π  (lz7'l +  Ifyl))}
7=1 \ fc=l 7=1 7=fc+l /

and
П , n

7* (Πζ/) <^(Π(ΙΖ7Ι + Ι̂7·Ι)-ΠΙΖ7·|)̂
7=1 7=1 7=1

then L Є Q£, w hereL(z) =  -  ^ ( Ц г ^ / ^ Ц г у ) ,  b =  (b1,b 2, . . . , b n) ,c 1 > 0 , c 2 >  0.
c  7=1 7=1



Proof. Without loss of generality, we may suppose inf{Z(f) : t Є C} =  1 as in Theorem 1. Then

we can repeat the considerations of this theorem, taking everywhere the function l* ( П zj )
/=1

instead of
k- 1

i + E O ^ i n w  Π ( Ι Ζ/Ί +  Ν ) ) ·  
fc=l /= 1 ;'=fc+l

Therefore we obtain

Y [(zj +  bjt) — Γ Ϊ ( Ζ; +  bjt0)
y= 1 ;= 1

<

<

я / k— 1
Ε ( Ν  Π |z;- 

„к= 1 v ;'=i
+  b;i°| Π  (lz7 +  byi°| +  |&y 

j=k+l

in {l,c?}/ *( Π(Ζ; + b/))z( n(zy + b/t°))
y=i 7 /=1 '

mm

min{ci,c5f+1}/( Π  (zy +  bjt0)
y=i

Denoting c =  m in{ci,c"+1}, for all ?/ > 1 we obtain the following inequality

- ί* ( Π (zj +  byO)1 ( π (zy +  bjt)
/=i 7 v/=iinf inf inf

zeC ” fOeC f ; * (  П (Zj +  b jt° ) ) i(  f i ( z j  +  b jfi))
4 7=1 7 4 7=1 7

> inf inf inf
zeC ” f°€C t

! · (  f t f y +  » / ))< (  n f y  +  Ь/ 
'/= 1  7 ;=1

: (  П (Zj +  by
i= l

x inf inf
zeC" f°eC t

inf і

( П (2/ +  by#0)) 
/=1

( П (zy + byO)

l / ( n ( Z ;+ b / ) )
i=i

Π ( ζ; +  ¥ )  -  № /  +  bi1 )
7=1 j=\

Y l(z j +  bjt) -  Y l( Zj +  bjt0) 
/=1 /=1

< / n
' ( π ( ;

/=1
c l (  Π (z j +  b jt°

<
c I(Д<2'+  bjt0

(13)

Since l ( t )  Є Q, by similar considerations as in Theorem 1 it can be showed that the product in 
(13) is greater than zero. It is obviously that we can prove

sup sup sup
zeC " i°GC 1

,  K n ( z ,  +  b;0 ) ' i n ( z ;  +  !’/
I j~i________ _ V/-1__________

I  /· (  Д  (z( +  Ь / ))  / (  П  (z; +  f>;f0))

In view of (13), (14) we obtain that the function I*  ̂ Zy) I  ̂ Zy) belongs to the class Q£. □
y=i j=\

Remark 4. We can take the follow ing functions

Π ( Ι Ζ;Ι +  Ν ) “ Π Ι Ζ/Ί or Σ  (\bk\ fl(\Zj\ +  \bj
j=1 7=1 *=1 7=1

ІФк
n . k—1 и .

instead o f  the expression  Σ ι Ν Π Ν  Π  (|zy| +  \bj\)) in Theorem 1.
k= 1 7=1 y=fc+i

It follows from Lemma 5 and notion

i + n w + l b / D - m ^ + L  ( Ν Π ( Ι Ζ/ Μ Μ ) )  Χ ΐ + Σ ( Ν Π Ι Ζ/Ι П  ( M + N ) ) ·  
7=1 7=1 fc=l 7=1 fc=l 7=1 ;'=fc+l

Propositioni. I fL  Є Q£, then for every z° Є C” w eh a v e lz о Є Q (Z2o(f) ξ  L(z° +  ib)).

Proof. We remark that (l)-(5) imply for every z° Є C", ί Є C

V7 >  0 0 <  (ζ,η) <  λ \ ( ζ ,10, η )  <  1 <  Λ2 (ζ,ί0,ί/) <  λ \ { ζ ,η )  <  +οο.

These inequalities imply that lzo Є Q. □
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Introduction

Periodic continued fractions are an important subclass of continued fractions

£? ak Й1 All a2\
bo + D — = bo H---------------- — bo~l· jT- + jT- + . . . ,  (1)

k=\bk Cl2 \h 102
η- ν-—-—  b2 +  ·.

where au bo, hi Є C; і >  1. A fraction (1) is called p-periodic, if its elements satisfy the following
conditions: apn+k =  ak and bpn+k =  bk; n >  0; 1 < k < p; p Є N. L. Euler, D. Bernoulli,
E. Kahl, E. Galios, A. Pringsheim, W. Leighton, O. Perron, R. Lane, H. Wall, W. Jones, W. Thron,
H. Waadeland, L. Loretzen, A. F. Beardon etc. investigated p-periodic fractions. The reviews
of corresponding results can be found in [5-7]. It is known (see [5, p. 181]), that the set

Ω =  {z Є C : I arg(z +  1/4)| < n }  (2)

is the convergence set of the 1 -periodic continued fraction

1 + ^-+^-+.... (3)

Moreover, attracting and repelling fixed points of the linear fractional transformation t(co) =  
1  +  с /ω  are the points

x =  (1 +  >/l +  4c)/2, y =  ( 1 -  V l +  4c)/2. (4)

In [5, p. 49] it is proved that the the following relations are valid for the fraction (3)
r n+2 _  1,n+2  Yn+ 1 _  1,n + l p

?„ =  - -------V— , Q„ =  - ---ί — , n >  1 , lim - ~  =  x. (5)
x - y  X - y  n^ooQn

@  Bodnar D.I., Bubniak M .M ., 2015

1 Main  Results

We consider the branched continued fraction (BCF) of the special form

00 **-1 a-n\
1 +  D E t · <6>

k= 1 /*= 1

where a^k\ Є C ,i(k )  Є X, 1  is a set of multiindex, J  =  {i\i2 - . . i k : 1 < ^ < ik~\',k > 1 ; i0 =  N }, 
N is a fixed natural number. Some results according to these BCF are in [3,4].

Continued fraction

»+««-) ( 1 + 6 ^
\ 9=1

where i (m ) Є X, im — im+q =  r , q  >  1, is called the i (m)- th branch of the r-th order of BCF (6).

Definition. A fraction (6) is called p -period ic branched continued fraction o f  the special 
form, w here ~γ =  {p\,p2, ■ ■ ■, ри), Pj Є N , ;  =  1, N, i f  all i(m)-th branches are the identical 
Pim-periodic continued fraction for each fixed im.

Let BCF (6) be a ^-periodic fraction. Than its elements satisfy the following conditions

=  aL ^ S  or Uiim) r . . . r  — (7)
q s q s

where q >  1; q =  n ■ pr +  s; r — 1, N; s =  1, pr; m > 1; i(m ) Є 1; r < im; n > 0. Each i(m)-th 
branch of the r-th order is called the r-th branch of such fraction.

We introduce the notation a r . . .  r =  сГ/8 for elements of the fraction (6). Then ^-periodic

BCF can be written as follows
00 lk-\ r . 1̂

i + D E T ·
k=1 ik=1

We investigate the convergence of (2 ,1 , . . . ,  l)-periodic BCF with N branches

.  C ] ] C2 1
1  η--------------- 4 -------------- ь '„ Ci 2  „ Ci 1 C2 1

1 η------------ -4——  1  η-----' ---------1- -
1 +  — С-Ц —  1 +  Щ  1 +  -  Щ — +  C2J

+ - + t , I Г ,  <9)
. C\ 2  „ C l 1 C9 1  ' „ Ci 1 C2 1  Cm 1
1 + , — —  1 +  -—— +  - — 1 + ^ -  +  ^ - ^ -  +  . . .  +  . '

1 + .. 1  +  .. 1  +  .. 1 + .. 1 + .. 1 + ..

For this we define tails of -periodic BCF (8) with initial conditions: Rq1'̂  — 1, q — 1, N, 
1  < j  < η, n >  1 , and the recurrence relations

-л i Cl,s  ̂ /  >■
l < s < P b

” - 1  (10)
(i7,s) -j . 1 /̂1 і 1 xi ί / _____ -·

Rn =  1 +  L k=1 +  (q,s+iy 4 =  N ;  1 -  S -
n—1 K n - 1
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where n > 1 pq Є N , q =  LN . Then R{nq'j) =  R(nq's) and R{nq'm) =  R{J ~ U) +  cq,m/ R ^ T ^ ' 
n > l , q  — Ι ,Ν  1 < j  < n , l  < m < pq - 1 ,  pq e b i .

Thus, the n-th approximants of BCF (8) are equal to Fn =  R ^ ’^, n >  1, Fo =  1.
For investigation of truncation error bounds of the fraction (8) we have used a formula for 

n > 0, m >  0, that had been proved in [1 ], such as

*1,1 *1,2 *2,1 *N,1
Г _  г _  V- ________________ J A  V  J A  · · ·
t n + m  r n Ґ „ Ш + 1 )  r-rkv ( n(N,l) n (N ,l)Y

k Єї(N)
н+1

where Ί ^ ι  :=  { к — (fci,fc2, · · · Длг) : к\ =  k\r\ +  k\t2; к\ >  0; І =  1 , — w +  l } ,

U =  η -  Σ ί ΐ + ι  kt, R^i =  l ,  q =  Ϊ7Ν, / =  L jV  ρι =  2, f t  =  . . .  =  pn =  b  kr,s is defined 
in [3]. Now we consider the 2-periodic continued fraction

a| b| ai b|
1 +  |T+ |T+ ^ +  j l + " "  ( }

Let A =  1 + a +  b and λ φ  0. According to [5, Theorems 2.19, 2.20], [6, Theorem 1.6] we 
have that the even part and the odd part of the fraction (12 ) are equal to

/ 00 r  \  ~  ̂  00 r

i+a(1+b+Ui) - 1+а+Ш
respectively, where ck =  -a b , dk =  1 +  a +  b. Next, let Pv, Qv be the v-th nominator and the 
v-th denominator of 1 -periodic continued fraction

- a b / ( l + a  +  b)2\ - a b / ( l + a  +  b)2\
H --------------|γ------------- 1--------------|γ-------- -----1- . · · ,  v > 1 . (13)

Then, according to formulas (5), we have for k >  0

yk+2 _  yfc+2 S*+l —
Pk =  — ~ , Qk =  — -  ~ >x - y  x - y

where x — (1 +  \/l — Aab/λ2) /2 , у =  (1 — у !  — 4дЬ/λ2) /2 .
/ \ и-bs—

Let / „ = 1 +  D — be the s-th tail of the fraction (12), n > 1,1 <  s < n, where Я2Л- 1  —
fc=s 1

a2k — b ,k  > 1. Then the following formulas

f w  _  A^ - 1_____  „ >  0 {'>> =  ~°/+1 Q- +  AP- v >  o , =  ! 2
^  "  - » A - 1  +  A P „-,' V > U ' /2- +1 Qv ' -  ' ’  ' '

are valid for the 1 -st and 2-nd tails of 2-periodic continued fraction (12 ).

Lemma. Let the elements o f  2-periodic fraction (12) satisfy the condition —a b /А2 Є Ω, where 
λ  =  I +  a +  b, λ φ 0, and Ω is defined by formula (2). Then:

1. the fraction (12) converges to value x =  (1 +  а — b +  A\/l — \ab/  A2) /2;

2. if f 2k+\ Ф 0, k >  0, j — 1,2, and \ — д + \Pk/Q k\ > £\ > 0, k > 0, then truncation error 
bounds are valid

I fn - x \ <  C q ^ W ,  n > 0, (14)

l̂ l|A|(l +<?)2where q
1 -  y/1 -  4ab/\ 2

1 +  V l -  lab/ λ 2
< 1, C max J i -̂ -1 ε2 =  \b\ +  |A|M,

( i - i )2
M =\x\(l +  q2) / ( l - q ) , x  =  (1 +  V l  -  4дЬ/А2)/2.

Proof Let c — —ab/ λ 2. Since c Є Ω, then 1-periodic continued fraction (13) converges and its 
value is x, moreover \x\ > \y\. Next, since А φ  0, then lim f 2v+\ — lim f 2v =  x. From this it 
follows that the fraction (12 ) converges and lim f n =  x.

I/—>00 V—>00
N—»00

Since c Є Ω, all approximants of the fraction (13) are not equal to zero. It follows that 
fin 9  ̂ 0, n > 1, j  =  1 ,2. For n > 1 and m > 1 we estimate the difference \fn+2m ~~ fn |/ using

formula (11). By virtue of Pk _yk-1-2
1-І 1 — ( y / x ) k+2

Qk + 1 + 1 — ( y / x ) k+1
Pk/Qk 1 < M, where μ =  |x|(l -  q), and | -

for k > 0 the following

Let n and k be arbitrary natural numbers, moreover n =  2r +  1, k =  r +  m, r >  0, m > 0 . 
Then

l/2*+i -  hr+\ I

r+1

a r+1 |fe|r+!

П ? !  (
|r(2) І І ґ М
\J2k-2q+2\\J2k- 2<7+ l 1 l/2r+l-2<j+l 1 l/2r+l-2q l)

TT r(2) r(l)
1 1 J 2(k—q+l)J 2(k—q)+l
q=l
r+1

|A|r+1 Pk- 1
-bQk- r  +  A Pk~,

> |A|r + 1 1 ■ ( i - g )  
(1 +q)£2

q=l
From this, we have

ΓΤ f {2) f w1 i  J 2 ( r —q+ l ) J 2 ( r —q) + l |A|r |Pr—1 1 > |A|r|x|r—l Z l  
+  4

I/2A+ 1  -  / 2Г+1 1 <
(a b /A2)r+1 |A|(1 — q)7 r+ 1 l3c|r+ 1 μ κ ι + ί )2

І ЛГ 12r+l (1 _  q)2jy[ Ci
r+1

I x 12r (1 +  q)2M

where Ci =  |A||x|(l +  ^)2/((l -  q)2M).
Let n and k be arbitrary natural numbers, moreover n =  2r +  1, k =  r +  m, r > 0, m > 0. 

Then, by analogy we have

I/2* -  / 2г I <
I r+1 \b\r(l +  q)7

\2r\x\2r~l ( l  — ^)2ε2
=  C2 C2

\a\\x\(l +  q)2

(1 - q ) 2A
Finally, we obtain truncation error bounds (14) for m —> 00. 

Now we consider the linear fractional transformation

cl,lt-[ (cv) — 1  +

1  +

□

(15)

Let Xi be the attracting fixed point of this transformation, Xj, Yj be the attracting and repelling 
fixed points of tj(ω) =  X;_ 1 +  Суд /ω , j  =  2, N. It is known in [5, p. 190], that

X, =  (A -  2 c , 2 + Λι/ ι - ^ / Α > )

0?J ZSPM



Theorem. Let μ =  -СідСід/А2, Λ =  1 +  cu  +  с1;2/ Λ φ  0, μ Є Ωχ, where Ωι is defined by the 
formula (2), and let the elem ents o f  the fraction (9) satisfy the follow ing conditions Суд Є Ω;/ 
j  =  2, N, w here Ω;· =  {z Є C : | arg(z +  X?_1 /4)| < π } . Then:

1. the fraction (9) converges and its value is F =  X,\r;

2. moreover, i f  R2„+l 7̂  0, n > 0 ,;  =  1,2; | — Сід +  АР*;/ Qk\ > £i > 0Д  > 1,

!  /-1  ____
сіл\ < 7 H rP' i  =  2,N , (17)

fc=l

w here r\
(1 ~Ρι)ει
(Λ i \ v lr/(1 +  Pi) £2

k =  27N ,x  =  (1 +  y/1 -  4cu cu /A2)/2/ ε2 =  |ci/2| + |A||x|(l +  p2)/ (l -  pi), then for  
n > 1  fhe truncation error bounds are valid

'1' vk — (1 +  dk) / 2/ <4 — \A — 4|с^дI/ Пот 1

w here pi =

/ x 2
/ 1  + pi\

\Fn — F\ < L ■

1  -  \/l — 4сідсід/A2

N — 1 
N +  n -  1

1 +  \/l — 4сідСі д/ A2

(У р іГ +1 - р ,;+1
p i / p - y p T

1

(18)

£2

1 — Pi / ειΡι
> M, =  max < 1 ,

PjTl!m=1Vm,
>, ід =  mm < *1(1 ~ P i)

2ε2

(<?Д)·

■,j =  2,N .

Proof. By induction on <7 we prove the convergence of the sequence {R„ } “=1, q — 1, N.
For i? =  1 the convergence of the sequence } “ =1 follows from Lemma, i.e. lim R„(1Д) _

П—̂ OO
Xi, where Xi is defined by the formula (16). By induction hypothesis the following relations
limW-> OOR ^  =  Xk, Xk φ 0,Yk Ф 0, hold for q =  k, where 2 < k < N -  1. We write R)?'4 for(їД)

q — k +  1  and for the arbitrary natural n as follows

R(k+1Д) _  d(W) , С*+1ДІ -  л„ -r . ((u)
cfc+i,i I

RИ —1 IK,( u r

cfc+l,l/Xfc .
1  +  a;

is loxodromicSince Cfc+ід Є Ω^+ι, the linear fractional transformation tk+i(co) =

and from (C) of the [5, Theorem 4.13] we have, that Hrn R^+1'  ̂ =  Xk+\, where Xk+1 =  - y k+i

and yk+\ is the repelling fixed point of f^+i (oj). Next, since Cjt+ід φ  0, then Xk+\ φ  0, Yk+1 φ  0. 
Hence, lim F„ =  Χχ.OO

Let k and m be arbitrary integer numbers and 1 < k < m, m >  1, k =  [k\ /2], where k\ is
defined by the formula (11). By virtue of А φ  0, R„(1/2) and R(nU) =  f [n ], n >  1, we have

Π
/=1

R(ІД)
2v+l R(1Д)

2v >|A|*
— сід Qv +  APV

'^1,1 Qi/—k "1“ APV_*
> |A|fc|x| ( l~ P i)£ i  

(1 +  ρι)ε2'

where v =  (m +  l\)/2 — j  and l\ is defined by formula (11). If v — (wi - f l  — h ) /2  — j, then

Π
M

R ( 1 /2 )
2v+l R (1/1)

2v >|λ|*
cu Qv ■+■ APv

Cl,lQv-k ^Py—k

Next, we have

k кідСі;
β(!//+1) ||R(V+1) ^(!'/+l) I C2 j- i  2m+/i-2;+li42m+/i-2/Mi4/1- 2;+l /,-2/ I

^  1 / j  кідСідІ/А2
----- ^ 2 ----- =  M 1

Moreover, according to Lemma the inequality |r|,̂  | > V\ holds.
Let n be arbitrary natural number. By induction on q we prove that the following inequali­

ties are valid

\R{nq,1)\ > Y lv j , q =  2, N.
/=1

(2Д) ,4For q =  2 we can write the tail R„ ' 1 in the form

(19)

|R( U )
n- 1 R,(1/1)

0

where for r =  2 and

r  /  l / l ) p ( r 1Д) I r / i ? ^ r l , l l D^r L‘ 
л (гД) _   ̂ _j_ r/l' и и —1 I r/l' n — 1 K n - 2

J r -  1Д) „ (r-1 ,1). cr l /Rir 1#i:)Rjr u ) |
+  . . .  +  —  1 -  0-------(20)

1

(2 1)From [2, Lemma 2] it follows: if elements of the reversed fractions hn , n > 1, satisfy the 
condition |я„| < |я| < 1/4, then the inequality |b|,2/1̂| > v2 holds. From this we have

IC2 1 1 1  (21 ) (2 1 ), , . . < — — < Thus the inequality |̂ „ ' | > v2 is valid. Moreover, |R„ | > ід 1/2·ol1/!) n(,i/l) r-i 4
n—l

By induction hypothesis the inequalities (19) hold for q =  s, where 3 < s < N — 1. We 
write Ri,‘?'1) for q =  s +  1 as follows

C2,l

R (s+1,1) _  R (s,l) , С .+ Ц І ■ , С̂ +1ДІ _  R (s ,l) , (s+1,1) 1

R ( S + 1 , 1 )  
0

where /£+1Д) is reversed continued fraction, that is defined by the formula (20). Its elements

c s + l,lsatisfy the conditions d(s/1) d(s/1) 
ixn 1X„ - 1

moreover, the following relations

< \ :n+-" ' < j ,  Tj — vj. Thus, we have |/4,s+1,1) j > vs+\,
n ;= i  η

Told

R (s+1,1) R >Д)
s+ l

К +ІА)\ > ^ .
7 = 1

To prove the inequality (18) we have to estimate the following relations



where kj is defined by the formula (11). Since for the arbitrary natural n

M M/|Kru4tTl 1 _ , = TT}
і м л ) № \  vf  (1 + r f ' )2 ' '

then for n > 1  and m >  1

IF ,  - F | < r > V ^ < I . i  Ί  ( v W ) " +1 ~ P " +1

Finally, we obtain the truncation error bounds (18) for m —>■ oo. □

R e f e r e n c e s

[1] Bodnar D.I., Bubniak M.M. Multidimensional Generalization of Oval Theorem for Periodic Branched Continued 
Fractions of the Special Form. Zbirn. prats Inst, m atem . NANU, Matem. probl. mekhan. ta obchysl. mat. 2014,
11 (4), 54-67. (in Ukrainian)

[2] Bodnar D.I., Bubniak M.M. Estimates of the rate ofpointwise and uniform convergence for one-periodic branched 
continued fractions of a special form. J. Math. Sci. 2015, 208 (3), 289-300. doi:10.1007/sl0958-015-2446-x

[3] Bubniak M.M. Truncation error bounds for the 1-periodic branched continued fraction of the special. Carpatian  
Math. Publ. 2013, 5(2), 187-195. doi:10.15330/cm p.5.2.187-195. (in Ukrainian)

[4] Dm ytryshyn R.I. Some properties of branched continued fractions of special form. Carpathian Math. Publ. 2015, 7
(1), 72-77. doi:10.15330/cm p.7.1.72-77

[5] Lorentzen L., W aadeland H. Convergence theory. In: Continued fractions, 1. Atlantis Press, World Scientific, 
Am sterdam -Paris, 2008.

[6] Perron O. Die Lehre von den Kettenbruchen. B. G. Teubner Verlag, Stuttgard, 1957.

[7] Wall H.S. Analytic theory of continued fractions. Am erican Math. Soc., 2000.

Received 05.09.2015 

Revised 18.11.2015

Боднар Δ-I-, Бубняк M.M. Про збіжність ( 2 , 1 , . .  . , 1 ) -періодичного гіллястого ланцюгового дробу 
спеціального вигляду / /  Карпатські матем. публ. —  2015. —  Т.7, №2. —  С. 148-154.

Означено ( 2 , 1 , . . . ,  1 )-періодичний гіллястий ланцюговий дріб спеціального вигляду. Дове­
дено ознаки збіжності 2-періодичного неперервного дробу та ( 2 , 1 , . . . ,  1 )-періодичного дробу  
гіллястого ланцюгового дробу спеціального вигляду. Встановлено оцінку швидкості збіжності 
цього дробу при додаткових умовах.

Ключові слова і фрази: періодичні гіллясті ланцюгові дроби спеціального вигляду, збіжність.

ISSN 2075-9827 e-ISSN 2313-0210

Carpathian Math. Publ. 2015,7 (2), 155-171 

doi:10.15330/cmp.7.2.155-171

http://www.journals.pu.if.ua/index.php/cmp

Карпатські матем. публ. 2015, Т.7, №2, С.155-171

H en to sh  О .Y e .

THE BARGMANN TYPE REDUCTION FOR SOME LAX INTEGRABLE 
TWO-DIMENSIONAL GENERALIZATION OF THE RELATIVISTIC TODA LATTICE

The possibility of applying the m ethod of reducing upon finite-dimensional invariant subspaces, 
generated by the eigenvalues of the associated spectral problem, to some two-dimensional genera­
lization of the relativistic Toda lattice with the triple m atrix Lax type linearization is investigated.
The Ham iltonian property and Lax-Liouville integrability of the vector fields, given by this system, 
on the invariant subspace related with the Bargm ann type reduction are found out.

Key words and phrases: relativistic Toda lattice, triple Lax type linearization, invariant reduction, 
symplectic structure, Liouville integrability.
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I n t r o d u c t i o n

By use of the different Lie-algebraic approaches the Lax integrable (2 +  1)-dimensional 
nonlinear differential-difference systems given on functional manifolds of one discrete and 
one continuous independent variables have been obtained in [4], [10], [16], [26], [27]. The sys­
tems represented in the papers [10], [16], [26], [27] possess the triple Lax type linearizations 
and infinite sequences of local conservation laws. The (2 +  1)-dimensional nonlinear dynam­
ical systems with such type properties on functional manifolds of two continuous indepen­
dent variables have been investigated by means of the invariant reduction technique in the pa­
per [14]. In this connection it is interesting to know whether the invariant reduction technique 
can be applied to the Lax integrable (2 +  1)-dimensional differential-difference systems ob­
tained in [10], [16], [26], [27]. The reductions of the (1 +  1)-dimensional nonlinear differential- 
difference systems with the matrix Lax representations upon the finite-dimensional invariant 
subspaces generated by the critical points of the related local conservation laws and the asso­
ciated spectral problem eigenvalues, have been considered in [13].

The aim of the present paper is to investigate the applicability of the invariant reduction 
technique to the (2 +  1)-dimensional differential-difference systems with the triple matrix Lax 
type linearizations, which can be obtained by means of two so called eigenfunction symme­
tries related with the same eigenvalue of the corresponding spectral problem (see [10]). This 
research is based on the approach to the study of the finite-dimensional invariant reductions 
for the (1 +  1)-dimensional nonlinear dynamical systems, possessing the matrix Lax type rep­
resentations [6], [11], [23], and their superanalogs with the same properties, which has been 
devised in the papers [2], [8], [9], [11], [22], [21]. In the framework of such approach the exact

(c) Hentosh O.Ye., 2015
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symplectic structure on the invariant subspace can be found by means of the Gelfand-Dikii 
type relationship [5], [19] for the differential of the related Lagrangian function on a suitably 
extended phase space. The discrete analog of the Gelfand-Dikii relationship has been consid­
ered in [18], [19], [20].

In the present article the approach mentioned above is used to study the Bargmann type 
reduction [14] of the Lax integrable two-dimensional generalization of the relativistic Toda 
lattice [25], which has been constructed in [10].

The paper is organized in the following way. Section 1 contains the triple matrix Lax type 
linearization for this (2 +  1 )-dimensional differential-difference system that will be used in fur­
ther investigations. In section 2 we establish the existence of an exact symplectic structure on 
the Bargmann type invariant subspace by means of the discrete analog of the Gelfand-Dikii re­
lationship as well as the Hamiltonian representations for the reduced commuting vector fields 
given by the system. In section 3, basing on the differential-geometric properties of the trace 
gradient for the monodromy matrix of the associated periodic matrix linear spectral problem, 
we obtain the corresponding Lax representations for the reduced vector fields. The complete 
set of the functionally independent conservation laws which are involutive with respect to the 
corresponding Poisson bracket and as a consequence ensure the Liouville integrability [1], [17] 
of the reduced vector fields is also found.

1 T h e  t r i p l e  m a t r i x  L a x  t y p e  l i n e a r i z a t i o n  f o r  t h e  t w o - d i m e n s i o n a l

G EN ER A LIZA TIO N  OF TH E RELATIVISTIC TO D A LATTICE

In the paper [10] we have constructed the set of the hierarchies of the eigenfunction sym­
metries

dHdxs,m =  — [Msm> I], d fj/dtsjn  =  (—Mf„ +  4 Щ ,  d f* /d T s,m =  (M?„ -  & ) * / * ,  (1)

which are additional homogeneous symmetries of the Lax type hierarchy on the extended dual 
space to the Lie algebra [3] of Laurent series by the usual shift operator £

d l/d ts =  [ls+, I], d fj/d ts =  ls+fj, d f f / d t s =  - ( l s+ )* f* , (2)

where I :=  £  +  L j= J j£ ( £  -  I ) -1/// f =  (/ь/2....... f R r f l f i ........ Л ) Т Є M 2R,

M 2R :=  {g  : g(n) Є C2R, g (n +  q) =  g (η), n Є Z } , i j 6 N,

Msm :=  e V / » ) ( £  -
/3=0

sin is the Kronecker symbol, ;, m =  1, R, and the lower index "+" denotes a projection of the 
corresponding operator on the Lie subalgebra of power series, tm, т5/ТП Є 1R, s Є N. Here any 
operator A *  is assumed to be adjoint to the super-integro-differential one A  with respect to 
the scalar product

(*/У) =  Σ  !/(” № ) '
neZ

where y, z Є i*2(Z ;C ), n Є Z. In the paper the line over any variable denotes the complex 
conjugation of this variable.

In the case of R =  1 and s =  2 the evolutions of the functions describe the relativistic Toda 
lattice.

The vector fields (2) have been considered as the Hamiltonian flows generated by the 
Casimir functionals

7s =  - L ·  Σ  r e s l s+1[i{n)], s Є Z+, (3)
и=0

where the symbol "res” denotes the coefficient at £° in the expansion of the corresponding 
operator, and Poisson structure found in [10]. In that paper the hierarchies (3) have been es­
tablished to be Hamiltonian with respect to the natural powers of some different eigenvalues 
of the associated spectral problem and Poisson structure mentioned above. It has been shown 
also that for each j  =  1, N the first eigenfunction symmetry and any other which belong both to 
the hierarchy related with the same eigenvalue can be applied to construct (2+l)-dimensional 
differential-difference systems with the triple matrix Lax linearizations. These systems have 
been obtained by introducing some new functions which denote the expressions with inverse 
operator to the difference one into the equations of the eigenfunction symmetries.

In the present paper we consider two additional homogeneous symmetries for the Lax type 
hierarchy (2) such that

d fj/d T  =  (—M \ + 5[l)fjr d f j / d r  =  ( M \ - 6 [ iy f J  (4)

and

d fj/d T  =  (/+ — m \ +  d[l2)fj, d f * / d T = ( - l 2+ +  M2 - 0 [ l 2)* f* , (5)

where r  :=  Гід and d /d T  d /d t2 +  Гід, in the case of R — 2. The vector fields d /d x  and
d /dT  are commuting because of the relation

d l l / d r  =  [/+, M}]+ (6)

where /+ := £ 2 +  w i£  +  w0, w\ :=  (£P) +  P, w0 :=  P2 +  E/=i((£//)// +  f j{£ ~ lf * ) )  and

The dynamical systems (4), (5) and commutability condition (6) are written as

Λ ,  =  (£/i) +  P fi +  Ф -Я т  =  -  P/i +  m f t ) ,
/2 , ,  =  - a h ,  f i T =  - ( £ u ) / i ,

/ і,т  — /ι,ττ +  ( £ 2/ l)  +  w l ( £ f \) +  H>o/i +  2 ( / i ( £  1 f i  і +  и й ) / і ,  

f u  =  - f i r τ -  ( £ “ 2/ І )  -  -  w o f l  -  2 ( / l ( £ - ‘ /l ) +

k,T  =  ii'Lf l  і +  U>i(£/2 ) +  Ю0/2 -  a h r  +  I'r/l, (8)

fir = -(£-гії) -  (ε~^ύ(ε-ιβ) -  *>«β + «Яг -  »rfi,
(.ε -  i)u = hfi, (ε -  ΐ)ο = /,7г,

=  (£ 2Λ)/ί - / i ( £ " 2/i) +  ^ (f/ i)/ i*
«Ί,τ =  ( P f i H S f i )  -  м є - ' f i ) .



where u, й are some ij-periodical complex-valued functions. The dynamical system (8) and 
relationships (9) describe the Lax integrable (2+l)-dimensional differential-difference system
[10], which can be considered as some two-dimensional generalization of the relativistic Toda 
lattice.

Its triple Lax type linearization [10] is formed by the spectral relationship

ly =  А у, (10)

where у Є £г(^ ;С ), Л Є С is a spectral parameter, and evolution equations

dy/ ά τ  =  -M \y, (1 1 )
dy/dT  = { l 2+ -M \ )y . (12)

The corresponding adjoint spectral relationship and adjoint evolutions take following forms:

Г  z -  Az, , (13)
dz/dx  =  M|*z, (14)
dz/dT  =  - { l 2+ -M \ )*z , (15)

where /* — £~l — E/=i(//(£ — I ) -1//)· The spectral relationships (10) and (13) have the equiv­
alent matrix forms

£Y =  AY, (16)
£~λΖ =  (,£ - 1A T)Z , (17)

where Y, Z Є £2(Z ;C 3),Y  =  {у\,у2 ,у з )т, Уз :=  У- 2  =  (ζι,ζ2,ζ 3)τ , ζ3 :=  (£ - 1ζ), A :=  A [f; Λ] 
and

/ 1 0  f *
A =  0 1 /2*

V - / i  - h  A - P  
The corresponding evolutions are written as

dY/dT =  B ^ Y , dZ /dx  =  - ( B M ) TZ, (18)
dY /dT =  B ^ Y , dZ /dT  =  - ( B ^ ) TZ, (19)

where ВМ :=  B(T)[f;A], В(T) :=  B(T>[f; A], and

/ -А  й ( i - 1/^)
β(τ) =  -w 0 0

V - f \  0 0

λΰ — йт —

β ( Τ )

/ —λ2 — ий— 
“ 2/ ι(£_ 1/ί)

—Au — мт—
- Μ ε - ' f i )

2 Л (£ -'/ 1* ) - й ( £ - 1/2>)+  ̂
- / 2 ( £ " 7 i )  + 2 ( ί ' , Ρ ) ( ί - 1/,*)+

+ 2 ( £ - 2/ ;)

ий— Л (£ -1/2*) +  1і( £ - 1/1*)+

+(£-2Я)+
+ ( £ - 1 Р ) (£ - 1Я )

- 2Л/і - к/2 — Л/г — й/i— А- +  2/і('і' */Г)+
- 2 ( £ / , ) - 2Р/і - ( О Д - Р /2 +/2( £ - ,/ί)

The matrices Bi T) and B! T) satisfy the compatibility conditions

dA/dr =  (£ B ^ )A  -  AB^\ (2 0 )

rfA/dT =  {£ B ^ )A  -  AB^T\ (2 1 )

The system (8)-(9) possesses the infinite sequence of the local conservation laws (3).

2  T h e  s y m p l e c t i c  s t r u c t u r e  o n  s o m e  i n v a r i a n t  s u b s p a c e

We will study below the differential-geometric properties of the commuting vector fields 
d /d x  and d /d T  on their common invariant finite-dimensional subspace C Λ7!4 such as

q - l N
M 4N =  { f  Є M 4 : gradC N[i(n)] =  o } ,  CN :=  £  >CN[f(w)] =  -7 0  +  Σ ^ Λ ·,

n=0 i= 1

where 70 =  E^=o E/=i (n)> А,- Є C, і =  1, N, are different eigenvalues of the periodic
spectral problem (16) with the corresponding eigenvectors Y, =  (уц, y2i, Узг)Т Є W and adjoint 
eigenvectors Z,· =  (ζ1(·,ζ2,·,ζ3;)Τ Є W, W :=  {a =  (йі,я2,я3)т = а(и) Є C3, a(n +  q) =  
a(n +  q), n Є Z }  C £2(Z;<C), and c,- Є C \ {0 }, і =  1, N, are some fixed constants, which will 
be chosen later. Here the eigenvalues А,· Є C, і — 1, N, are considered as smooth by Frechet 
functionals o n M 4.

We will first analyze the differential-geometric structure of the invariant subspace C 
M 4. To describe this subspace explicitly we will find the gradients of the eigenvalues А, Є 
V (M 4) ,i  =  h N .

Because of the relations

Ε (5 Υ ί(η ))Τ (£Ζ,·(η)) =  Σ ( Α [ ί { η ) ;λ ί]Υί(η))τ (εΖ ί(η)), і =  1 ,Ν ,
η= 0 η= 0

(22)

that follow from the spectral problem (16), we can derive the explicit form of the gradient of 
the eigenvalue A, for any і =  1, N only on the level surface {(f, У, Z )T Є ХЛ4 : Ці — at, я,· Є
C \ {0 } }  of the functional Ці — En=o Узі(п)(^23і(п))> which is invariant with respect to the 
vector fields d /d x  and d/dT . Thus, for any і — 1, N the gradient of the eigenvalue A,· on this 
level surface is written as

grad A,·

(  δ λ ,/δ /χ \ 
5\ i/5 f2 
δ Ai/ δ /Ι  

\ δ λ і / δ f l  )
я,-

(  і } У зі( £ ї з і ) +  Уи(£ ї з і )  \ 
І Ї У зі{ £ ї з і ) +  У2і ( £ їз і ) 
/іУзі(£гзі) -  Узі(£*іі)

V к у з і ( £ * з і )  - У з і ( 8 ї 2і)

w here Yi =  {у і і ,у 2і ,у з і )т, Z,· =  (ζ1ί·,ζ2ι,ζ 3ί·)Τ, і =  1 ,Ν.
Let us choose а і =  —cu і — 1, N, and investigate the vector fields d /d x  and d /d T  on the 

invariant finite-dimensional subspace M fj  f|Hc C M 4 given by the following Bargmann type 
constraints

M 4n П Н С =  ( ( Є М 4 : p f i  =  -  Е узі ї і і , P h  =  -  Y j  УЗ&2І,
 ̂ i=1 i=1

Pfl =  L y ^ 3 u  p ft  =  Е у 2і2з і) , 
i=l i=l j



where Hc :=  {(f, У, Z )T Є M 4 : Ці =  -c,·, cf € C \ {0 }, і =  1, N} is a common level surface 
of the invariant functionals μ,·, і =  1, N, in the extended phase space M 4 :=  M 4 x W2N of 
the coupled dynamical systems (8), (9), (18) and (19) with the parameter λ Є {λ ι, Λ2, . . . , λ Ν}, 
and У  :=  (Yi, Y2, · · · / ^n)T/ -Z :=  (Zi, Z2, . . . ,  Zjv)t , Z, :=  £Z,· =  (г:1г·, Ζ2,·,Ζ3,·)Τ, і =  1,N, 
p =  1  -  J/3/Z3,·. This invariant subspace can be described by means of the equivalent
relationships

ґ N N

M f j  П He = \ f Є M 4 : / 1  =  -  Σ  J/3/Ζι,·, /2 =  -  E  3/3iz2i/
I i=! f=i (23)

N N v '

£ “ 7 ί  =  Е у і =  Езлигз,·}/
i=l ί=1 J

From (23) it follows that the functions /1 , /2, £  Vi / £  V 2 are expressed via the coordinates 
of the eigenvectors Y, and Z„ і =  1, N, on the invariant subspace M fj f| Hc. The relation

N N N

E  Уі«'22і = 0/ E  У2і21і = °/ -  !) E  У3і23і = °z
ί=1 ί=1 1=1

N N

M E ( y 2i'Z2/ -  Уі/Zli) =  -  E  ЛіУ2«21і -  / і(£ - 1/2*)/ 
і = 1  1 = 1

N N

й Е(У2і22і -  Уі/Zli) = E  A«-yi<z2f + /2 (£_1/Г )/
1 = 1  і = 1

N N N

Wr E (yii'zli — У2і22і) =   ̂Е ( Л.У2і̂ 2і ~~ АіУіі21 і)
і=1 і=1 і=1

+  +  (£ -\ £ )  Ε λ № ΐ ί  +  2/1 Е  А ^ З І
ι=1 ί=1

+  / і (£ ~ 1Ю  Е(уі/2« -  у2і22і) -  (£ :-1 Р )(^ - 1/2*)/і,
1=1

N N N

й т Е (У 2 г '2 2і -  У іі2 1і) =  Е  Л?У і і 2 2х +  W Е ( % 1 і2 1і “  А іУ2і2 2і ) (2 4 )
і=1 І=1 і=1

-  й С -/ !^ -1/!*) + / 2(£ - V 2*)) +  (^_ 1/Г) Ε λ^ Ζ2ί - Λ  Ε Λ№ 3 ι
і'=1 і= 1

-  /2(£ _1/Г) E (y ii'Zli +  У2*'22і -  2y3,z3i) -  2 ( £ - 1 Р )(£ “ 1/Г)/2/
1=1

N N

£ / 1  = -  E  А*УЗі21 і + /l E (yil'Zli -  У3і23і) -  P f l ,  
i=l i=l
N N

£ / 2 =  -  E  Л/УЗі22і +  /2 E  (У2і22і -  У3і23і) -  P/2,

obtained with taking into account the equations (8), (9), spectral problems (16), (17) and evo­
lutions (23), allow to express the entries of the matrices BT[f;A] and BT[f;A], reduced upon 
M fj  n  Hc, via the coordinates of the eigenvectors Y,· and Z„ і =  1 , N. In addition, from the 
spectral problems (16), (17) and evolution equations (23), when А Є {λ\, A2, . . . ,  Адг} we have

d 3 d 3 d N d N
-JZ E  Ух’'2** = °' Jr  E  ŷ 'zx< = 0' ТІ E  Узі̂ зі = 0, ^ E  Узі2зі = 0.

x=\ x = l  1 = 1  1 = 1

Therefore, we are in a position to formulate the following theorem.

Theorem 1. The commuting vector fields d /d r  and d /dT , given by ihe system  (8)-(9), allow  
the invariant reductions upon the finite-dimensional subspaces M fj f]H c C M 4, N Є N. 
These subspaces are diffeom orphic to the finite-dimensional space M jr, which is sm oothly  
em bedded  into the space  R 6lV and endow ed with the Poisson bracket {., ·} (2)/ being the Dirac

reduction o f  the Poisson bracket {., ·}ώ<2) related with the symplectic structure

N 3 N 3

^ (2) =  E  E  d(£~l2si) A dysi =  Ε  E  dzsi л dVsU (25)
1 = 1  s=l 1 = 1  s=l

where "A" is a sym bol o f  the exterior product on the Grassmann algebra o f  differential forms 
on C6N. The reduced vector fields d /d r  and d/dT , given by the equations (18) and (19) when 
А Є {Ai, Аг,. . . , λ,ν}, are Hamiltonian with respect to the Poisson bracket { . , .}  (2). The corre-

Wjr л
sponding Hamiltonians h(T\ Є C°°(IR6N;R ) are reductions o f  the functions ίι̂ τ\ h(T) Є 
D(jCi4), satisfying the equalities

d i / ά τ ,d y / d r ,d Z / ά τ ) Τ , g rad C ^ [i,y , — - { £  -  1 )h^T\ (26)

( ( d i /d T ,d y /d T ,d Z /d T )T , grad CN[i, У ,Z}^ =  (27)

w here the brackets (, ) denote the standard scalar product on C6lV+4, and involutive with 
respect to the Poisson bracket {., .}ω(2). The relationships (23) describe all period ic and quasi- 
period ic  solutions o f  the system  (8), (9) on the subspaces A4fj fl HC/ N Є N.

Proof. The exact symplectic structure on the invariant subspace M fj  C M 4 can be found by 
means of the discrete analog [18], [19], [20] of the Gelfand-Dikii relationship on the functional 
manifold M 4 in the same manner as has been done in the paper [19] for the subspaces of 
critical points of local conservation laws.

To make use this relationship we need the explicit forms of the smooth by Frechet function­
als A,·, і — 1, N, on Hc. From the equalities (22) we have

<7-1 /  3
λ 'ί =  E  Е(£у*і(и))2«(и) -  y\i{n)zxi(n) -  y2i{n)z2i(n) — /1 (и)УЗї(w)zi/(и)

n=0 ^s=l

-  Й(п)Узі(п)22і(п) +/і(п)у1г-(и)23і-(и) +/2(n)y2i(n)z3i(n) + P(n)y3i(n)z3i(n)^ ,

where A' :=  A,-|H , і =  1, N, on the level surface Hc in the extended phase space M 4. Since the 
functionals А· Є T>(M4), і =  1, N, depend on the functions (/, У , Z )T Є M 4, it is expedient



to apply the discrete analog of the Gelfand-Dikii relationship to the Lagrangian functional
£ n  :=  E lZ l^ N [i(n )ry (n )rZ(n)] Є V ( M 4) of the form

N N

£ n =  - ? o  +  E  +  E  
i= 1 i'=l

where ς,· Є C are Lagrangian multipliers, }ij — -  Ε«=ο Узі(я)2зі(я), і — 1/ N.
Because of the Lax theorem [11], [12] the condition g r a d t^ [ i ,y ,Z ]  =  0 determines the 

invariant subspace M.4N C M 4,

M 4n =  { (f, y , Z ) T Є M 4 : f\ =  -  Е у з f2lf, / 2 =  -  X] Узі'22і/ £ _1/І =  E i/ i'z3b 
I i= l i'=l 1=1

^  =  E 2 to z3i^Vf =  ^ [f;G №  ^_ 1 2 f =  ^ T [f;gf]2 f, ! = Ϊ ν } ,  
i= l J

of the coupled dynamical systems (8), (9), (18) and (19) with the parameter Л Є { ζ ι , . . . , ς,ν}· 
Thus, for every N Є N  the invariant subspace M fj  П Hc C Λ'ί4 is diffeomorphic to the sub­
space M fj C M 4 when ς,· =  Л/, і — 1, N.

By means of the discrete analog of the Gelfand-Dikii differential relationship [18], [19], [20] 
for L n  Є T > (X i4 ) such as

d t N[i ,y , z]  =  { № ^ у ^ г ) т/ § ш £ м [ і , у , г } )  +  ( ( £ - і ) , х М ) ,  (28)

where (У, Z ) T are coordinates on the suitably truncated manifold jCifj and the brackets ( , ) 
denote the standard scalar product on C6lV+4, we can find the exact two-form (25)

The reduced two-form α/2) :=  ώ ^

ώ ^  :=  daS1-)

„ defines the symplectic structure on the invariant sub-
N

space М% П Hc ~  M fj  C M fj, which is smoothly embedded into M fw due to the relation­
ships (23).

The formula (28) ensures the invariance of the reduced two-form a/2) with respect to the 
operator (£ — 1 ), that is

N  3 N  3
Σ Σ  ά ( ε ζ 5ί) A d{€ysi) Σ Σ  dzsi A dysi.
i'=l s=l i=l s=l

Taking into account that the subspace M 4N f]H c C M 4 is diffeomorphic to the finite-dimensi- 
onal submanifold M jf C R 6N determined by the constraints

N N

Fi '■= E  yiiz2i =  0, F2 :=  E  i/2iZi,· =  0, 
i=l i=l

in the space IR6N, we can obtain the symplectic structure on M fj f]H c as a natural Dirac type 
reduction of the two-form ώ^> on Aij·.

The two-form d>(2) generates the standard Poisson bracket {., ·}ώ(2) on ]R6N. As the matrix 
of constraints {FKl, ΡΚ2} ώ(2), κι, к2 =  1,2, is nondegenerate when Q :=  E i l i  (yiiZi,· -  Угі г̂і) Ф 0,

the standard Dirac type reduction procedure [7,11] entails the Poisson bracket related with the 
symplectic structure :=  a/ 2-1 such that

{F-G}w„, = {Ρ ,Ο ώΒ + ^ { ί ,Ρ ι }ώΡ){Γ2,0}ώ(4 -

1  N  /  д р  d p  \ N /  a G d G

i1=l \ --i*i j2=i V оУі/г ẑ2i2

1 Д /  ар ap λ Д  / aG a,G

q  £ ,  ^ + Z I·· ^ )  , £  r z*  ^ +

where P, G Є C°°(R6iV;]R) are arbitrary smooth functions. Since

ά £ χ / ά τ  =  0, d £ N/ d T  =  0,

with taking into account the results obtained in the papers [18], [19] we can state the existence 
of the smooth by Frechet functions h(T), Є V(M.4), which satisfy the relations (26) and 
(27) correspondingly. Then for the functions :=  and :=

m 4n
we have

id/dT^{2) =  - d h ^ \  id/ dTc v ^  =  - d h ( T\

where id/dr and id/dT are inner differentiations with respect to the vector fields 
d/ dr  : M 4n -> T(Mfj)  and d/dT  : M 4N -)· T (M 4N) in the Grassmann algebra of differen­
tial forms on R 6N.

Therefore, the functions h<T) and h1'7"1 are Hamiltonians of the reduced upon M fj  fj Hc c  
M 4 vector fields d/ dr  and d/dT  when ς,· =  Л,·, і =  1, N. They take the following forms

^ ^ - E A i y i i Z ! , · - / ! ^ - 1/ ! * ) ,
i=l

h(T) =  Ε ( λ^ 3ιζ3,· -  A2yi,z1;)
i =l

+

E i l i  A/y,iZ2i+ /2( £ - V i ) )  ( ς £ ι АіУ2/2„ -  / , ))

E | = l (j/2iz 2i' -  y ifZ li)

+ Vi ) E  Л<УЗІ21І + (£ lf l  ) E  А(УЗі22і — 2/1 E  Л-іУііїЗі ~  /2 E  г̂У2і2Зі 
i=l i=l i=l i=l 

N N

+ 2/1 (£~Vl ) E(i/3iz3i -  yii-Zli) + /г (^_1/2 ) Е ^ З і  -  yifZli)/
1=1 ί=1

where the functions /1 , /2, V 2 have the forms (23).
By means of the direct calculations it is easily to verify that

□



Let us consider the vector field d/dt\, commuting with the vector fields d/ ά τ  and d / dT, 
on the functional manifold M 4 and investigate its reduction upon the invariant subspace 
M 4Nn H c C M 4, N Є N. In the same manner as in the proof of Theorem 1 we can find 
the Hamiltonian representation for the reduced vector field d/dt\. The corresponding Hamil­
tonian takes the form

* ('■ ) =  Μ ε - ' Μ - Μ ε - ' β ) .
(= 1

Since
{ h { h \ h ^ } wi2) =  -  A f c ( r )  =  0 / { h ^ M T) } w(2) =  - — fcW  =  0 ,

the reduced vector fields d/dt\, d / ά τ  and d/ dT are integrable in the case of N =  1 due to the 
Liouville theorem [1], [17].

3 Th e  L a x -L io u v il l e  in t e g r a b il it y  o f  r e d u c e d  v e c t o r  field s

To state the Liouville integrability of the Hamiltonian vector fields d /d r  and d /d T  on 
M 4Nft H c C M 4 for all N Є N  we need to construct the related matrix Lax representations, 
which depend on the spectral parameter А Є C, making use the reduction procedure for the 
monodromy matrix of the periodic spectral problem (16). Thus, the following theorem holds.

Theorem 2. For every  N Є N  on the intersections o f  the finite-dimensional subspace 
M fj  П He — M jr with the level surfaces he ’■= {(3^ Z )T Є R 6N : Σ̂ =\ J/3/%1 — C, C Є € }  o f  
the invariant function  1 — p  =  Σ Τ = ι  Узі^зі the matrix Lax representations for the Hamiltonian 
vector fields d / dr and d /dT  have the follow ing form s

dSpj /  dx [ B ^ ,  S N ], 

-  rR(r )d$N/ d T =  [вЦК $N],
(T)
N B{J\ y ,Z - ,\ )  =  B(T)[ f;A]where B^ :=  B(u \ y rZ ;λ) =  β(τ)[ί;λ] ,B

M j?r\hc
are projections o f  the corresponding matrices on M jr f) he and

Si

(29)

(30)

M jr C\hc

S n

N

Σ
i= 1

A -A , +  So

y i iz 2i

y i iz 2i

V3iz 2i

-c
(31)

Proof. Making use the spectral problem (16), we can express the gradient φ(η;λ) :=  grad tr S 
of the trace of the corresponding monodromy matrix

S S(n; A) =  A[i(n  +  q — l);A]A[f(n +  q — 2); A] x . . .  x A[f(n); A]

via the entries of the matrix У =  SA- 1  by such a way

f  t r (VAf l ) \ I  - V 13- f t V 33 \

φ(η; A)
tr (VAh )
tr (VAf*)

V t r b % ) )

- V n - f i V n  

V31 -  /1 У33
У32 — /2 ^ 3 3

where φ(η; A) ~  EreZ+ ψτ(η)λ (r+1\ q>r =  grad y r[i], when |A| -» 00, V is a matrix with the 
entries, being complex conjugate to the corresponding ones of the matrix

/  Vu  V12 V13
v  :=  v21 V22 V23

V V31 ^32 V33

and A fx, Af2, Af*, Af* are matrices with the enteries, being complex conjugate to the corre­
sponding ones of A fx, Af2, Af*, Af* respectively.

From the equation for the matrix V

£{VA) =  AV,

we can obtain the Magri type relationships [15]

ϋ φ{η; λ) =  λ η φ(η; λ) -  ηψο,

where ϋ, η : Τ* {Μ 4) —> Τ (Μ 4) are a pair of linear Poisson operators of the forms

/ 0  0  1 0  \

0 0 0 1
- 1 0  0 0

V 0 - 1 0 0

- М - Ч 2 -
- Λ Δ - ^ / ι

i?

- Ι ι Δ - ' ε β 1 - 
-/ιΔ-'Λ

-f2n f2

£ + h U f l +  f \ b ~ l £ f i
+/2δ - 1/|+
+P

— +  / 1  H / i +  / ? Д - 7 г
+/|Δ-1£/2 - Ρ

7 ί π / ι

£  +  / г П / | +  

+ / ιΔ -1/1*+  
+ Ρ

- f t & - ' £ % -  

- f t b - ' f t

\
- ί - ι + / | Π / 2 +  - / І Д ' 1/ * -  - Я Н / І  

+ / * Д - 1£ / 1 - Р  - f t A - ' e f t
/ 2 Δ “ 7 ι

Here Δ =  (£ — 1 ) ,Π  =  Δ_1(£ +  1). Taking into account the equality

<p(n; A,·) dA
tr S(n;A) grad A;,

λ=λ;

we find for every і =  1, N that

A grad A,· =  A,· grad A,· +  ( -77 tr S (n; A)
\ aA

- 1

ψθ/ A =  η гг?,
λ=λ;

(32)

(33)



ч - 1

where U{ :=  ( tr S (η; Л) ] =  Ev=i Уд;і2л;і is invariant with respect to the vector fields
V i/A а Л,/

d/rfr and d/dT.
Then on the invariant subspace M jj  f| Hc C Λ7!4 the gradients of the conservation laws 

7 m € V (M 4), m Є Z+, take the forms

N N N

Ψ0 =  E  λί, 9»1 =  Л<Р0 =  E  A* STCld A‘ + /l E  A«'
1=1 i=l i=l

Λί r N

φγ =  A ^r-i =  E  A/ £raii λ ί +  E  -fp E  A/_P A«' etc·' (34)
i=l p=l i=l

where

N N N N r N

/1 =  E  рі/ /2 =  E  A*·̂  +  /i E  ^  ■ · · / /r =  E  Afa  +  E  /я E  A; ^  etc·
i=l i=l 1=1 1=1 p=l i=l

From the relationships (33) and (34) we obtain directly the explicit forms of the entries
Vi3 , V23 , V31/ У31, V32 , V33 on M fj  Π Hc such as

V13 = U + Σ  w )  E  νΏ = ( 1  + e  /,л-Л E
reN /  i=l

vm =  ( 1 + E  M - r)  E  v32 =  ( 1  +  E  / д - ')  E  Й т -
V reN /  1=1 Λ Λ 1 \ reN )  1 = 1  Λ Л‘

%  =  ( і + е ^ - ' ) е | ^ .
V reN )  1=1 Л Л‘

/ N Сі Υ λ
where 1 +  EreN /Д r =  ^  -  Е  χ  _  Д.у ·

The remaining entries of the reduced matrix Vn :=  can derived from the
equation (32), considered on the level surfaces hc , C Є C, of the invariant function 1 -  p. On 
these surfaces the functions f { ,  /| satisfy the following equalities

/  N j  \ N -̂  N χ

/І ( 1 — C +  E  T~yiiz\i + / 2  E  Т~Уіг22і =  E  T"i/liZ3i'
V 1=1 Ai / i=l Л‘ i1=l Лг
N j  / N j  \ N 1

/І E  Т"У2і21г +  /2  I 1 ~~ C +  E  γΙ/2ίζ2ί ) =  E  yV2iz3if
i=l Л' V i=l A* / i=l л *

N -і N 1  N 1

-  /l E  Т”УЗІ21; -  /2  E  уУЗі22і +  E  T~J/3iZ3i =  C.
i=l ! i=l Ai i=l Аг

Thus, the reduced matrix l/jv on A4fj П Hc П Ĉ/ C Є C, is written as

where

N I f  Уі«21і yii'z2i У1/231 \ 1 - е  0 0
= E  дТГдТ I y2iZli У2і22і У2і'2Зі I +  I 0 —C O

,=1 ' V УЗі2і! УЗі22і У3і23і / V 0 0 0

The explicit form (31) of the monodromy matrix Sjsj· on A4fj f) Hc f| /?с, C Є C, follows from
the relationship

Sn — Vn An ,

where the matrix A^ :=  А ^ (У ,2 ;Λ) =  Λ [ί;λ]\Mjrf]hc a projection of the matrix A on 
M fj  Π Wc Π hC- Thus,

Sn =  ( 1  +  E  /'•A- '']
V reN )

(  N <r- \
where the matrix 5дт has the form (31) when |A| > max(==̂ j  lAfl and E  ΤΖΓΤ. *  !·

\i= і A A, у
The relations (29) and (30) are derived from the monodromy matrix equation [6]

(£S)A =  AS

and compatibility conditions (20)-(2 1). □

1
Due to the equations (29) and (30) the functionals -  tr S\y, a 6 N, are invariant with respect 

to the vector fields d/ ά τ  and d/dT . Then the coefficients in the expansions of these functionals 
by poles appear to be conservation laws of the reduced upon λΛjr f) he, C Є C, vector fields 
given by the system (8), (9). The coefficients cr,·, <7,·, <7, Є C°° (R 6JV; R ), і =  1, N, in the expansions

of the invariant functionals tr Sn , x tr and -  tr S3N such that

N СГ;
tr Sn =  E  T—H—  3C 4-1, 

,t i  A -  A,·

^ ^ 4 £ ( x i + £ x ^ + ^ c 2 - 2 c + 1 )-

CTi
E  (  E  УХ2кгХ2І

АГі—1  ̂ л2=1

fc=l, fc/i Ai Afc к=1,кфі Af

3C(j/h-z1; +  y2,z2i +  Узі з̂і) +  УЗі̂ Зіг



and

1 1 N а. N i

_ _  γ-< tr (S/5feSg)_____Дл tr (SjSk) (Ck — Cj)
σ' (A,· -Ajfc)(A,· -A * )  /,■ (A,· — А/с)2

M=L '

+  f  tr (S0(S,-Sfc +  SfcS,·)) +  tr (S2S|) 
fc=l, кфі Af Afc

N

Σ
ID Ухіі2хі?) (  ID Ух2(ZX2k) (  ID

*1=1 '  X2= l  '  VX3 =

(Af Afc) (Af Â ) 
M =i,

3

ID Ухі*2хі*>) (  Σ  Ух2кгх2̂ ) ID (Ухз'2 Хз» Ух 3kzx3k)
fi=l '  \*2=1 7 Хз=1^  ЧХі —1 7 хХ2—1 7 Хз-

fc=l, fĉ f (A; -  Afc)2

{~C (y\izik +  V2iz2k +  V3iz3k) +  V3iz3k) (. ID УхкЧі]
VX=1  y<1<

C(yifczlf +  V2kz2i +  V3kz3i) +  Уз/с23і) |, ID Ух’гхк)
4 = 1  J

N

+ Е
fc=l, кфі

N

, ^  , · А,- — At-fc=l, кфі 1 κ
+  (C21/lfZif +  C2t/2f22i +  (1 -  C)2y3/Z3,·),

are functionally independent on 74 j· f l^ o  C Є C. Being involutive with respect to the Pois­
son bracket { . ,· }ω(2), the coefficients σ„ &„ σ,· Є C” (R 6N;R ), і =  1 ,N , ensure the Liouville 
integrability of the vector fields d/ ά τ  and d /d T  on the finite-dimensional subspaces M jr  f| he, 
C Є C (see [1], [17]). The surfaces h e ,  C Є C, mentioned in Theorem 2, are determined by the 
conditions

/ N 1 / N 1 \ N 1 f N 1 \ \  N 1
( ID T~yiiiz3ii ί 1 — c  +  ID T ~ У2і222І2 ) XZ Т_ У2г'і2Згі ( ID Т~Уі!222г2 ) ) ID T- У3і'з21<з
V f1=i Ah V f2=l Лі2 / i1=l гі м2=1 !2 / / ,= 1 л'з

/  /  N j  \ N і  N -̂  , N  i  XN N i

( ( 1  c  +  E  — yifjZifi I ID T У2г223г2 — ID 7 Уіг'і22г'і ( ID T- У2г221г2 ) ) ID TTУ3г'з22г'з
V V f1=l *i / f2=l *2 і1=1 ΛΊ Ч2=1 л,2 / / i=l Аг3

+ ( c "  f i  ^ y3"z3ij) ( 0 _ c + , 1  і уііі2иг)

when

(* ■c+й  ̂ yu,zu·) c+έ  ̂ y2,2Z2i2)

4 C o n c l u s io n

In the present paper by use of the method [2], [8], [9], [11], [22], [21] of reducing upon the 
special finite-dimensional invariant subspaces we have investigated the Bargmann type reduc­
tion of the Lax integrable two-dimensional generalization of the relativistic Toda lattice [10]. 
We have shown that the symplectic structure on the corresponding finite-dimensional invari­
ant subspace can be found by means of the discrete analog of the Gelfand-Dikii relationship for 
the related Lagrangian function on a suitably extended phase space. This invariant subspace 
has been established to be diffeomorphic to the symplectic manifold smoothly embedded into 
space R6N, N Є N, with the canonical symplectic structure. The Lax-Liouville integrability of 
the reduced vector fields given by the system has been proven.

If R =  2, for every s Є N, s > 2, the evolutions of the vector-function (f\, /2, /2 )т Є
M 4, which are generated by the vector fields d/dTs :=  d /d ts +  d/dxS:\ and d/dT 2 :=  d /dT  
and written out with taking into account the equalities

Is ft  =  (d/dT  +  M\)sf v  Is f t  =  ( - d / d r  +  Μ ί*)7Γ,

together with the relationship
d l s+ / d T S/1  =  [1%, M\}+,

determine (2 +  1)-dimensional nonlinear dynamical system with the triple Lax type lineariza­
tion. The symplectic finite-dimensional manifold described in the paper is a common invariant 
subspace of the vector fields d/dTs :=  d /d ts +  d/dTS/\, s Є N, on which they are Hamilto­
nian and integrable by Liouville. Thus, it is interesting to investigate the possibility of ap­
plying the integration procedure, developed for the Liouville integrable finite-dimensional 
systems in [24], to the vector fields reduced upon this invariant subspace. The integration 
procedure [24] is based on the specially constructed Picard-Fuchs type differential-functional 
equations which generate the Hamiltonian-Jacobi transformations.
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GENERALIZED TYPES OF THE GROWTH OF DIRICHLET SERIES

Let Ф be a continuous function on [erg, A )  such that Φ (cr) —> +<x> as σ  —> A  — 0, w here Л Є 

( —то, +оо]. We establish a necessary and sufficient condition on a nonnegative sequence λ  =  (A„), 
increasing to + 00, under w hich the equality

<rfA Φ(σ·) crfA Φ (cr)
holds for every Dirichlet series of the form F (s ) =  Σ™=ο a„esA", s =  σ  +  it, which is absolutely  
convergent in the half-plane R es <  A. H ere M(cr, F ) =  sup{|F(s)| : R es =  σ }  and μ (σ , F )  =  
m ax{ Ian \εσλ" : n >  0 }  are the m axim um  m odulus and maxim al term  of this series respectively.

Key words and phrases: Dirichlet series, m axim um  m odulus, m axim al term , generalized type.
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I n t r o d u c t i o n

Let No be the set of all nonnegative integer numbers, E  =  R U  { —oo, +oo}, A be the class 
of all nonnegative sequences λ =  (A„), increasing to +oo, А Є (—oo, +oo], and Ω Α be the class 
of all continuous functions Φ on [(To, A), such that

Vx Є ]R : lim(xc7· — Ф(сг)) — —oo. (1)
at  A

Note that in the case A < +co the condition (1) is equivalent to the condition Φ(σ) -4- +oo, 
σ  —* A — 0, and in the case A =  +oo this condition is equivalent to the condition Φ {σ )/σ  —>
+  00, O’ —У +00.

For a sequence Л Є A let

τ(Λ) =  I tan->00 \n
Consider a Dirichlet series of the form

00
F (s) =  Σ  anesAn, s =  o'+ it, (2)

n= 0

and put

E1(F) =  |(7 ЄЖ : £ )  \αη\εσλ" < + o o j,  E2(F) =  {cr Є 1R : Jim  \αη\βαλη =  0 j ,

(F) =  f~ ° ° '  if E i(F) =  0 ,  =  ί -o ° , if E2(F) =  0 ,
σΛ ’ I s u p E ^ F ) ,  if E\(F) Φ 0 ,  P \su p  E2(F), if E2(F) ^  0

©  Hlova T.Ya., Filevych P.V., 2015

(ca(F) is the abscissa of absolute convergence for the Dirichlet series (2)).
It is easy to show that

/3(F) =  lim —— In 7~t·
я—̂oo An Ian I

Also, it is well known (see, for example, [7, p. 114-115]), that

CTa(F) < β(Ρ) < (Ta(F) +  τ(Λ)

and these inequalities are sharp (more precisely, for every А, В Є Κ. such that A < В < 
A +  τ(Λ) there exists [3] a Dirichlet series F of the form (2) such that cra(F) — A and /3(F) =  B).

If oa(F) > -oo, then for each σ  < cra(F) let M(cr,F) =  sup{|F(s)| : Res =  cr} be the 
maximum modulus of the series (2). If /3(F) > —oo, then for each σ  <  /3(F) let μ{σ,Ρ) — 
тах{|яп|есгЛп : n Є No} be the maximal term of this series. As is well known, in the case 
cra(F) > —oo we have μ(σ, F) < M(cr,F) for all cr < cra(F).

By T>a (A) we denote the class of all Dirichlet series of the form (2) such that cra(F) > A. 
Put VA =  идє Л For Ф Є Пд and F Є V A, the value

T *(f ) = W F ) = n ϊ ή ϋ ί ί ^

will be called Φ-type of the series F in the half-plane {s : Re s < A}.
By V*A(\) we denote the class of all Dirichlet series of the form (2) such that /3(F) > A. Set 

V*A — идєдРд(Л). For Ф Є Ω,Λ and F Є V*A we put

<Фт  =  ч л ( р ) = к ! = ф р - .

If F Є T>A, then μ(σ, F) < Μ (σ, F) for each σ  < A, so f<j>(F) < ΤΦ(Ρ).
Note that V A (A) C V*A (A) for every sequence А Є A. From what has been said above it fol­

lows that in the case A < +oo we have V A(\) =  V*A(A) if and only if τ(λ ) =  0. Furthermore, 
D+00(A) =  if and only if τ(Α) < +oo. It is clear that V A C V*A and V A Φ ν \·

The notion of Φ-type generalizes the classical notion of the type for entire Dirichlet series. 
Let F be an entire Dirichlet series, i.e. F Є V +OQ, and p be a fixed positive number. Recall 

that
T(F) =  i ta  lnM(ir-f )

<r\+<x> ePa

is called the type of the series F. If А Є A and τ(λ) =  0, then the type of every entire Dirichlet 
series of the form (2) can be calculated (see, for example, [7, p. 178]) by the formula

T(F) =  Hrn — \an\b. (3)
n—>-00 ep

Let Ф є П д . The function

Ф(х) =  sup{x(7 — Φ((7) : σ  Є [σο, A )}, x e R,

is said to be Young conjugate to Ф (see, for example, [1, pp. 86- 88]). The following properties 
of the function Ф are well known (see also Lemmas 2 and 3 below): Ф is convex on R ; if φ is 
the right-hand derivative of Φ, then Φ(χ) =  χφ(χ) — Φ (φ(χ)), x є  1R, ψ(χ) < A o n R  and

http://www.journals.pu.if.ua/index.php/cmp


φ(χ) /■ A as x t  + 00; if x0 =  inf{x > 0 : Φ(φ(χ)) > 0}, then the function Ф(х) =  Ф(х)/х 
increase to A on (xo, +oo). Since Ф is convex on 3R, Ф is continuous on 1R. Thus, the function 
Ф is continuous on (x0, +oo). Let Aq =  Ф(х0 +  0) and ψ : (A0, A) -> (x0, +oo) be the inverse 
function of Ф. Set ψ(σ) =  +00 for σ  Є [А, +оо]. Let F Є V*A be a Dirichlet series of the form 
(2). Then /3(F) > A, so that

1 1
—— In -j— r > Ao, n > no.
An |Яц|

Let t > 0 be a fixed number and h(cr) =  ίΦ (cr), σ  Є [ctq, A). Then h(x) =  ίΦ(χ/t), x Є IR, and 
hence h(x) =  χΦ(χ/ί), x > tXQ. Using Lemma 5, given below, we obtain

ίφ(Ρ) =  lim , A“ . . (4)

• ~ * ( £ t a i i i )

Therefore, for every Dirichlet series F Є V*A of the form (2) we have (4). Consequently, if 
F Є T>A is a Dirichlet series of the form (2) such that T<p(F) =  ίφ(Ρ), then Φ-type of this series 
can be calculated by the formula

Τφ(Ρ) =  lim —7——----- r-. (5)
A )

Note, that in the classical case, considered above (A =  +oo, Φ(σ) =  epa), the formula (5) 
coincides with the formula (3). In this connection the following problem arises.

Problem 1. Let А Є А, Ф Є Пд. Find a necessary and sufficient condition on the sequence  λ 
and the function Φ under which  ΤΦ(Ρ) =  ίφ(F) for every Dirichlet series F Є V A.

In particular cases Problem 1 is solved in [2, 4, 5, 8, 6]. Denote by the class of all 
function Ф Є CiA, convex on [(Jo, A). If Ф Є Ω^, then the one-sided derivatives Ф'_ and Ф'+ are 
nondecreasing functions on [сг0, Λ) and Φ'_ (cr) -+ +oo, x f  A. Besides, using the definition of 
the function Φ and Lemma 3, given below, it is easy to prove that

ф'_(<р(х)) < X <  Φ + (φ ( χ ) ) ,  x  >  Xo := Φ+(σο)· (6)

The solution of Problem 1, in the case of the sequence A =  (n) and an arbitrary function 
Ф Є Cl*A, was obtained practically in [2, 4] for A =  +oo and in [5] for every А Є (—oo, +oo]
(actually, the growth of power series was investigated in [2, 4, 5]). We state a result from [5] in
the following equivalent formulation.

Theorem A. Let A =  (n), А Є (—oo,+oo], and Ф Є Ω*Α. Then for every Dirichlet series 
F Є X>a(A) the equality  Τφ(Ρ) =  ίφ (F) holds i f  and only i f

1ηΦ'+ (σ) =  о(Ф(сг)), σ  t  А.

Let Φ : [сто, А) -+ IR be a continuously differentiable function from the class Пд such that 
Ф' is a positive function, increasing on [ctq,  A). From (6) it follows that the restriction of the 
right-hand derivative φ of the function Φ to (xo, +oo) is the inverse function of Φ'. Put

=  σ € [σ ο ,Λ )·

(As is well known, the function Ψ is called the Newton transform o f Φ.) It is easy to see that 
Λ¥(φ(χ)) =  Φ(χ), x Є [xo, +oo). For a sequence А Є A, let пд(х) =  Ел„<х 1 be its counting 
function. The next theorem was proved by Μ. M. Sheremeta [8].

Theorem B. Lei А Є А, А Є (—oo, +oo], Ф Є be a twice continuously differentiable func- 
tionon [cro, A) such that Φ '(σ)/Φ {σ) / ·  +oo andlnΦ '(σ) =  ο(Φ(σ)) a s a ^  A. T hen forevery  
Dirichlet series F Є V A( A) the inequality  fφ(F) < 1 im plies the inequality T<p(F) < 1 i f  and  
only i f

1ηηΛ(χ) =  ο(Φ (Υ (^(χ)))), x  ̂ + 00. (7)

Remark 1 . We can rewrite (7) in the form

1ηηλ(χ) =  θ(Φ (Φ (χ))), X —>■ + 00.

Furthermore, as is easily seen , the condition (7) is equivalent to each o f  the conditions

1ηηΑ(Φ '(σ)) =  ο(Φ (Υ(σ))), σ ^ Α ;
Inn =  ο(Φ(Φ(Α„))), η —>■ oo.

Remark 2. The sufficiency o f  the condition  (7) in Theorem В was proved in [8] only by the 
condition that Ф є  Ω^ is a twice continuously differentiable function such that the function 
Φ'/Φ is nondecreasing on [ctq, A).

Let t Є (0, +oo) be a fixed number. If Φ satisfy the conditions of Theorem B, then the 
function £Φ also satisfy these conditions. Applying Theorem В with ίΦ instead of Φ and taking 
into account Remark 1, we see that Γφ ^ ) =  ίφ(F) for every Dirichlet series F Є T>A(A) if an 
only if

Vi > 0 : Inn =  ο(Φ(Φ(Α„/ί))), n —У oo. (8)

Note also that Theorem В does not imply Theorem A. In addition, Theorem В does not give 
the answer to the next question: whether the condition r(A) =  0 is necessary in order that (3) 
holds for every entire Dirichlet series of the form (2)? Note, that the positive answer to this 
question was obtained in [6].

In connection with Theorem В the next problem arises.

Problem 2. Let Tq > fo > 0 be arbitrary constants, А Є A, and Ф Є Ω^. Find a necessary  
and sufficient condition on the sequence A and the function Φ under which for every Dirichlet 
series F Є V A such that t<p(F) =  to the inequality ΤΦ(Ρ) < To holds.

In this article we obtain the complete solutions of Problems 1 and 2.

1 T H E  STATEM ENT OF M AIN  RESULTS  

For a sequence А Є A, a function Ф Є Ω^ and every > t \ > 0 we put

M h rh )  =  Δφλ(ϊ\,ϊ2) =  lim —^--------—— —-------------.
»-*" ίιΦ(Α„/ίι) -  ί2Φ(λ„/ί2)

First we mention some properties of A(t\, £2)·



If d is a fixed number, then for the function 7 (t) =  fO(ii/f), t Є ]R\{0}, we have

7 + M  =  *  ( 7 )  -  7<p ( 7 )  =  - φ  ( f  ( j  

Hence,

Let a > 0 be a fixed number. Consider the function у =  A(a,t), t Є (я ,+ 00). Using (9), 
Lemmas 2 and 6, given below, and taking into account that the function <x(x) — Φ(φ(χ)) is 
positive on (xq, + 00), for every t2 > h  > a we obtain

0 < y(f2) <  y (h )  <  j-— -y (t2).
t\ — Cl

It follows from this that the next three cases are possible: the function у is identically equal to 
0; the function у is identically equal to + 00; the function у is positive continuous nonincreasing 
on (a, + 00).

Let b >  0 be a fixed number. Consider the function у =  A(t,b), t Є (0, b). Using again 
Lemma 6, for every 0 < t\ < t2 < b we obtain

0 < y ( f i ) < ^ y ( i 2)·

This implies that if y(t2) =  0 for some t2 Є (0, b), then y(t) =  0 on (0, t2]; if y(t\) =  +00 for 
some fi Є (0, b), then y(t) =  +00 on [h ,b); if the function у does not take the value 0 and +00 
at some point t Є (0, b), then this function increase at the point t.

Note also that the function a(x) =  Φ(φ(χ)) is nondecreasing on [0, + 00), by Lemma 3, 
given below. Consequently, from (9), for every d >  0 and t2 > t\ >  0, we have

( f j - t i ) *  ( ? ( ! ) )  < ' ΐ φ ( 0 - < 2φ ( 0 < ( ί 2 - ί ΐ ) φ  ( » > ( £ ) ) ·  m

The solution of Problem 1 is contained in the following theorem.

Theorem 1. Let А Є А, А Є (-οο,+οο], and  Ф Є Ω Λ. Then for every Dirichlet series F Є 
Τ>Α(λ) the equality T<p(F) =  f<j>(F) holds i f  and only i f

Vi > 0 : Inn =  ο(Φ (φ(λη/ή ) ) .  (11)

Remark 3. The conditions (8) and  (11) are equivalent for every function  Ф Є Ω*Α. This fact
follows from  the inequalities

(1 -  η)Φ(φ(ηχ)) <  Ф(Ф(х)) < Φ(φ(χ)), (12)

which ho ld  for every fixed q Є (0,1) and all large enough x (see Lem m a 8 below).

Note also that if F Є V A(A) and f<j>(F) =  +oo, then T<d(F) =  + 00, by the inequality
ц(с,Т ) < M(cr,F), σ  < A, so that T<i>(F) =  ίφ(Ρ). In this connection, the next theorem
makes more precise Theorem 1 in the part of the sufficiency of (11).

Theorem 2. Lei А Є А, А Є (—oo, +oo], and  Ф Є 0.A. I f  the condition  (11) holds, then every  
Dirichlet series F from the class V*A(\) such that ίφ ^ ) < +oo belong to the class V A(A) and 
for this series we have T<p(F) =  ^ (F ) .

The solution of Problem 2 is contained in the following theorem.

Theorem 3. Let А Є А, А Є (—00, +oo], Ф є  and Tq >  to >  0 be arbitrary constants. Then 
for every Dirichlet series F Є V A(A) such that t<p(F) =  to the inequality ΤΦ(Ρ) < To holds i f  
and only i f

VT > T0 Зс Є (i0, T) : A(c, T) < 1. (13)

By Theorem 3, for every Dirichlet series F Є V A(A) the inequality f$(F) < 1 implies the
inequality Тф^ )  < 1  if and only if

VT > 1 Зс Є (1, T) : Δ (c, T) < 1. (14)

If A =  +00 and Φ (σ) =  σ\ηα, σ  > e, then, as is easy to show, the condition (14) becomes

- —  In In n
lim —-----< 1 ,

и->00 л п

but the condition (7) from Theorem В takes the form

Inn =  о(еЛн), n —> OO.

Hence, generally, the condition (14) does not coincide with the condition (7).
In the part of the sufficiency of (13) the Theorem 3 can be made more precise.

Theorem 4. Let А Є А, А Є (—oo, + 00], Ф є  ClA/ and To > to >  0 be arbitrary constants. I f  the 
condition  (13) holds, then every Dirichlet series F from the class V*A(X) such that ίφ ^ ) =  to 
belong to the class V A(A) and for this series we have T<p(F) < Tq.

Theorems 3 and 4 follow immediately from Theorems 5 and 6, given below, respectively.

Theorem 5. Let А Є А, А Є (—oo, + 00], ф є  Ω^, and To > to >  0 be arbitrary constants. Then 
for every Dirichlet series F Є V A(A) such that t<t>(F) =  t0 the inequality ТФ(Р) < To holds i f  
and only i f

Зс Є (t0r To) : A(c, To) <  1. (15)

Theorem 6. Let А Є А, А Є (—oo, +oo], Ф є  Ω^, and To > to >  0 be arbitrary constants. I f  the 
condition  (15) holds, then every Dirichlet series F from the class Τ>*Α(λ) such that t<p(F) =  to 
belong to the class T>A(A) and for this series we have T<p(F) < Tq.

Theorem 6 follows from the next more general result.

Theorem 7. Let А Є А, А Є (—oo, +oo], and  Φ, Г Є Ω^. I f

~ 1
< +oo, (16)

then every Dirichlet series F from  the class V*A(\) such that\n}i(cr,F) < Ф(сг), σ  Є [σ\, А), 
belon gto  the class Τ>Α(λ) and for this series we have In Μ (σ, F) < Γ (cr),cr Є [cr2,A ).



2 A u x il ia r y  resu lts

Denote by X the class of all functions h : R  - *  1R. Suppose h Є X and let h Є X be the
Young conjugate function to h, i. e.

Ιι(σ) — sup{crx — h(x ) : x Є R }, σ  є  R.

It is clear that if h,g  Є X and h(x) > g(x) for all x Є R^then h(cr) < g (a)  for all σ  Є R.
Let h e X .  Then h(x) < h(x) for each x Є R, where h is the Young conjugate function to 

h. Indeed, the definition of h implies that for every cr, x є  R  the inequality σχ -  h(x) < h(a) 
holds. Then χσ -  h(cr) < h(x) for every σ ,χ  Є R. From this it follows that h(x) <  h(x) for 
each x Є R.

Lemma 1. L eth ,g  Є X. Then the follow ing conditions are equivalent:
(i) h(cr) < g(cr) for all σ  Є R;
(ii)h(x) > g(x) for all x Є R.

Proof. If the condition (i) holds, then h(x) > g(x) for each x Є R. Since h(x) < h(x) for all 
x Є R, from this it follows (ii).

If the condition (ii) holds, then h(cr) < g(cr) for each σ  Є R. Since g(cr) < g(a)  for all 
cr e R, from this it follows (і). П

Lemma 2. Let h Є X. Then h is a convex function on R, i. e. for every X\, x2, хз Є R such that 
X\ < *2 < *3 we  have

h(x2)(x3 -  * i)  < h(xi}(*3  -  * 2) +  М *з)(*2 -  * i) . (17)

Proof. For each t Є R we have

(tx2 -  h(t))(x3 -  xi) =  (ixi -  h(t))(xз -  x2) +  (іхз -  h(t))(x2 -  xi).

From this equality and the definition of h we have (17). □

For a function l ie X w e  put Dh — {x Є R  : h(x) <  +oo}. It is clear that in the definition of 
h(cr) we can take the supremum by all x Є Dh instead the supremum by all x Є R.

Let А Є (—oo,+oo] and Ф : [ctq, A) —> R  be a function from the class Пд. We assume 
that the function Ф belong to the class X, setting Ф(<т) =  +oo for every σ  І  [σ0, +oo) (then 
Όφ =  [c7q, +oo)). Fix some x Є R  and set

y{a) =  χσ  -  Φ(σ), σ  Є [σό,Α ).

The function у is continuous on [(Tq, A). In addition, by (1), y(cr) —* —oo as σ  | A. Hence, this 
function assumes its supremum on [po, A), i. e.

Φ(χ) =  maxy(cr).
<7>(70

Consider the set
S(x) =  W  > сто : і/(cr) =  Φ (χ)}.

From what has been said it follows that the set S(x) is nonempty and bounded. Let φ(χ) =  
supS(x). Then <jp(x) Є S(x), i.e. maxS(x) exists and φ(χ) =  maxS(x). Indeed, if we assume 
that φ(χ) ί  S(x), then the set S(x) is infinite and σ  < φ(χ) for every σ  Є S(x). Let (crn) be 
a sequence of points in S(x), increasing to φ(χ). For every n  Є No we have y(crn) — Ф(х). 
Letting n  to oo and using the continuity of the function Ф, we obtain y(<p(x)) =  Ф(х), i.e. 
<p(x) Є S(x), but this contradicts the assumption that φ(χ) І  S(x). Hence, max S(x) exists and 
φ(χ) =  maxS(x).

Lemma 3. Let А Є (-oo, +oo], Ф є  ΩΑ, and φ(χ) =  m ax{? Є [ctq, A) : χσ -  Φ(σ) =  Ф (х)}, 
x Є R. Then:

(i) the function φ is nondecreasing on R ;
(ii) the function φ is continuous from the right on R ;
(iii) <p(x) —» A, x —> + o o ;

(iv) the right-hand derivative o f  Ф(х) is equal to φ(χ) at every point x Є R;
(v) i f  xo =  inf{x > 0 : Φ(φ(χ)) > 0}, then the function Ф(х) =  Ф(х)/х increase to A on

( X o ,  + < * > ) ;

(vi) the function a.(x) =  Φ(φ(χ)) is nondecreasing on [0, + o o ) .

Proof, (i) Let x\ < x2. Since x jf(x j)  — Ф(<р(х;·)) =  Ф (ху ),Є  {1 ,2 }, the definition of Ф implies 
the following inequalities

Χΐφ(Χ\) -Φ {φ (χ ι) )  > Χ\Ψ(Χ2) -  Φ(ψ(χ2)), χ2φ(χ2) -  Φ(φ(χ2)) > * 2<Κ*ΐ) -  Φ(φ(Χι)).

Adding these inequalities, we obtain (φ(χ2 ) — <Κ*ι))(*2 -  Xi) > 0. From this it follows that
<p(xi) < ψ(Χ2 )·

(ii) Let Xo Є R  be a fixed point. By (i) it follows that the right-hand limit φ(χ0 +  0) exists 
and φ(χο +  0) > φ(χο). Let us prove that φ(χο +  0) =  φ(χο), i. e. that φ is continuous from the 
right at the point Xo- Indeed, the definition of Φ implies the inequality

χφ(χ0) -  Ф(<р(х0)) < χφ(χ) ~ Φ(φ{χ)).

Letting x to Xo from the right, we obtain Φ(χο) < xo^(^o + 0) -  Φ(φ(χο +  0)). On the other 
hand, Φ (χ0) > xo<K*o +  0) -  Φ(φ(χο +  0)). Hence, Φ(χο) =  Xo<p(xo +  0) -  Ф(<р(хо +  0)). 
Then from the definition of φ we obtain φ(χο +  0) < φ(χο) and thus φ(χo + 0) =  φ(χο).

(iii) Suppose the contrary, that is <p (+oo) =  В < A. Let C Є (В, A). Using the definition of 
the function Ф, we have

xC — Ф(С) < χφ(χ) — Φ(φ(χ)) 

for every x Є R. This implies that

x(C -  <p{x)) <  Ф(С) -  Φ(φ(χ)).

Letting x to + o o , we obtain + o o  < Ф(С) — Φ (В), but this is impossible.
(iv) Let x Є R be a fixed point and h >  0. From the definition of the function Ф we have

Ф(х +  h ) -  Ф(х) ^ (x +  h)<p(x) -  Φ(φ(χ)) -  Ф(х)

I — ί Γ _ 7 “  1 ------------------- * --------------------- =  ψ
Ф(х +  И) -Ф (х )  Φ(χ +  /ί) -  (xcp(x +  h) -  Φ(φ(χ +  h)))
-----------------I -----------------< --------------------------------------------h ----------------------------------------- =  ф  +  к ) .



Hence,
Φ(χ +  h) - Φ ( χ )  , λφ(χ) <  -------j------- —  < cp(x +  h).

Letting h to 0 and using (ii), we see that the right-hand derivative of Ф(х) is equal to cp(x).
(v) Since χφ(χ) -  Ф(х) =  Ф(<р(х)) > 0 for χ > xo,

чч/ χφ(χ ) -  Φ(χ)
(Ф(х))+ =  χ2----—  > °' Χ > Χ°·

Hence, the function Φ(χ) increase on (x0, +oo). Furthermore, the inequality χφ(χ) -  Ф(х) > 0, 
χ > x0, implies that Φ(χ) < φ(χ) < A, χ >  Xo- On the other hand, for every fixed Χχ and each 
x > x\ we have

Φ(χ) =  Φ (χι) +  [  cp(t)dt > Φ (χι) +  (x -  χι)φ(χι).
J  X\

From this it follows that
lim Φ(χ) > φ(χ\).

X—> + o o

Letting X\ to + 00, we see that Φ(χ) —>· A, x —> +oo.
(vi) Let X2 > Xi > 0. Then

a(x2) -  a(xi) =  X2 (p{xi) ~ *i<p(*i) +  Ф(*і) -  Ф(*г) > *2<К*г) ~ χΐψ(χ\) +  {χι ~ χ2)ψ(χ2)
=  χ\(φ{χ2) -  φ(χι))  > ο.

Therefore, the function α(χ) =  Φ(φ(χ)) is nondecreasing on [0, +oo). □

Lemma 4. Let А Є (-οο,+οο], ФЬ Ф2 Є Ω Λ/ and Φ ι(σ) =  Φ ^ σ) for all cr e  [cr0/A). Then 
Φα(χ) =  φ 2(χ) for each x > Xo-

Proof. For / Є {1 ,2 } let Оф. =  [cTj, A) and

cpj(x) — maxjcr є  [σ}·, A) : xcr — ФДо-) =  ФДх)}, x Є 1R.

Lemma 3 implies that min{<j?i(x), <p2(x)} > max{cro, cr\,a2} for all x > Xo- Then for every 
x > Xo we get

ФДх) =  χφι(χ) -  Φ ι{φ ι(χ)) =  χφι(χ) -  Φ2{ψ\(χ)) < т ах(ха -  Φ2(σ)) =  Φ2(χ),<Τ>(Τ2
Φ2(χ) =  Χψ2 (χ) -  Фг(<р2(х)) =  χψ ι(χ) -  Φι(ψ2 (χ)) <  π\3χ(χσ -  Φ ι(σ)) =  Φ ι(χ),(7 >СГ\

and, hence, Φι (χ) =  Ф2(х). ^

Lemma 5. Let А Є (-оо, +оо], Ф є  ClA, and F Є V*A be a Dirichlet series o f  the form  (2). Then 
k\}i(cr,F) <  Ф(сг) for each cr Є [σο,Α) if  and only if In \α„\ < -Φ (Λ „) for all η > n0.

Proof. Suppose that In μ (cr,F) < Φ(σ) for each cr Є [<r0, A). We set Ψ(σ) =  Ф(сг) for every 
σ  Є [<7o, A) and Ψ(σ) =  +oo for every σ  І  [cr0, A). Let h Є X be the function such that h{\„) =
— In \αη \ for all n Є No and h(x) =  +oo for all x Є R\{Ao, A i,. . .  }. Then In μ (cr,F) =  h(cr) for 
σ  < j6(F). Consequently, h(a) <  Υ (σ) for each σ  Є R. By Lemma 1, h(x) >  Y (x), x Є R. 
Therefore, using Lemma 4, we have In \an\ =  —h(A„) < —Y(A„) =  —Ф(А„) for all n > Hq.

Now suppose that In \an\ < —Φ(λ„) for all n > n0. If the function μ(σ, F) is bounded on 
(-oo, A), then, obviously, In μ (cr, F) < Φ(σ) for each σ  Є [σο, A). If the function μ(σ,Ρ) is 
unbounded on (—oo, A), then we consider, along with F, the Dirichlet series

OO
G(s) =  J ]  bnesXn, s =  σ  +  it, (18)

11=0

such that b„ =  0 for n < no and bn =  an for n > no. It is easy to show that μ(σ, F ) =  μ(σ, G) 
for each cr є  [ctq, A). Besides, In \bn \ < —Φ (λη) for all n Є No- Hence, by Lemma 1, we have 
1ημ(σ, G) < Ф(сг), σ  < A. This implies that In μ(σ, F ) < Ф(сг) for each cr є  [σο, A). □

Lemma 6. Let Ψ be a function, convex on  R , and Xo > 0. Then for all t\, t2, f3 Є R  such that
t3 > t2 > h >  Owe have

' • Ч г ) - " ( ї ) г В т ( " ( ї ї ) ’ " й ) ) ·

Proof. Since Y is convex on R, for every t\, t2, із Є R  such that із > t2 > f , > 0 we have the 
following inequality

γ  - xoW xo _  xo\ < ψ /xo W x o  _  χολ + γ  Λγ°\ /χο xo
h j  \ h  h )  \ h  J  \ h  із/ \ h j  \ h  t2

Multiplying this inequality by t\t2t3, we obtain

Ψ -  h )  < Ύ ii(i3 -  h)  + Ύ h(t2 -  h).

From this it follows that

Y ( i f ) fl(f’ " ί,} “ 4  ( f ) hih - (,) -  T ( f ) f,('3" fl) -  T ( f ) il('3 “ h)

-  Y  ( I )  <3(12 -  Ί )  =  Y  ( ^ )  ( . ( » 2  -  I . )  -  ■Y  ( I )  (3 («2  -  t o ,

Y  ( I )  t2 (f3 — h )  — T  ( l )  t3 ( t 3 -  1 0  <  Y  ( ^ )  l l (»3 -  ' 2 )  +  Y  ( f )  <3(f2 -  t o

-  Ψ ( ! )  t3 ( t3 -  t o  =  Y  ( ! )  t i ( t 3 -  t o  -  Y  ( ! )  t3 ( t3 - 12 ).

Lemma 6 is proved. □

We note, that some of the above properties of the Young conjugate functions are well known 
(see, for examle, [1, § 3.2]).

Lemma 7. Let (x„) be a positive sequence such that

lim —  =  δ >  1 .П-+00 x n

Then, for every q Є (0,1), thesetE (q) =  {n  Є No : Inn > ijx„ A X[„/2] > ^x?;} is unbounded.



Proof. If δ — + 00, then, setting mk =  min{n Є No : Inn > (k +  l)x„}, we see that mk є  E(q) 
for every k Є No- If δ < + 00, then, for some increasing sequence (pk) of nonnegative integers, 
we have In pk ~  6xpk, k -+ oo. Therefore,

I t a  =  1 I t a  J i l £ L  =  і  I t a  <  1 Ш  ^  =  l .
£->oo JC[pfc/2] ^  Χ [ρ*/2] ^  X [pit/2] °  n ^ ° °  Xn

It is clear that pk Є Eq for all k > ko(q). □

Theorem 8. Let А Є (—oo, +oo], λ Є A be a sequence such that τ(Λ) > 0 in the case A < +oo 
and  r(A) =  +00 in the case A — +oo, and G Є ν\(λ)\Τ>Α(λ) be a Dirichlet series o f  the form  
(18) such that b„ > 0, n Є No- Then for every positive on ( —oo, A) function I there exists a 
Dirichlet series F Є Τ>(λ) o f  the form  (2) such that either a„ — bn or an =  0 for every n Є No 
and M(cr,F) =  F (<7) > l{&) for a l ia  Є [σο,Α).

Proof. We may assume without loss of generality that the function I is nondecreasing on
(-oo, A).

Since G Є V*A(\)\VA(λ), we have /3(G) > A and cra(G) < A. The inequality /3(G) > A
implies that there exists a sequence (ηη), increasing to A, such that

1  1
—  In — > η η, n Є N 0.
л„ b„

Then bn < β~Ί"λ", n Є N 0. Since aa(G) < A, for all σ  Є (cra(G ), A) and every m Є No we have

22 ьпеаАп =  + 00.
n>m

Fix some sequence ( c r increasing to A. We choose a sequence (mk) of nonnegative inte­
gers to be so rapidly increasing that the inequalities

Чт ><гь е ^ - , ‘*')х-ш (1 (ак+2) +  1 ) < — — ї , Σ  b„e^ " > Ι(σΜ )
l ) n=mk

hold for every А: Є No- Put

pk =  min I p > mk : 22 bneakX" >  /(σ*+1) > , k Є N 0.
t n=mk J

Note that mk < pk < mk+\ — 1 and 
Pk

l{crk+1) < 22 bnea < l(crk+i)  +  b p / ^ n  < 1(σΜ ) +  < l(cтк+1) +  1 .
n=m k

Let n Є N 0. If n Є [mk, pk\ for some k Є N 0, then we put a„ =  bn. If n І  [mk, pk] for every
k Є No, then let an — 0. Consider the Dirichlet series F of the form (2) and let us prove that
C'fl(G) > A. Indeed, for every fixed j  Є No we have

Pk Pk
22 αηεσίλ" =  22 Σ  ύη£σ>λη =  Ε  Ί2  ЬпеакХ"е^Г°’̂ Хп

n>m j+l k > j+ 1 n=m k k>j+\ n=m k

Pk
< 22 e  ̂ 22 bne<Tk>i"

k > j+ 1 n=mk

< 22 e(<7k- i_<7i)A"*(z(<rfc+i) + 1 ) <  22 ід  < + 00'
k> j+ 1 k > j + l *

so that cra(F) > A. Moreover, if cr Є [σ0, A), then σ  Є [ak, (rk+\) for some А: Є No and therefore

Pk Pk Pk
F(a) > £  αηεσλ" =  £  bne ^  >  £  bne^ "  > l(σΜ ) > 1{σ).

n=m k n=m k n=m k

Theorem 8 is proved. □

Lemma 8. Let А Є (—oo, +oo], Ф є  and q Є (0,1). Then the inequalities (12) hold  for all
x > x0-

Proof. If Ф Є Од, then the function Ф is increasing on [σ\, A). Since

Φ(χ) =  φ(χ) -  <; φ(χ), x > xlr

we have Φ (Φ (χ)) < Φ(φ(χ)), x > x2, i.e. the right of the inequalities (12) holds.
Further, using the convexity of the function Φ and the inequalities (6), we have

Φ(φ(χ)) -  Φ (φ^χ)) < (φ(χ) -  q>(qx))Φ'_ (φ{χ)) < (φ{χ) -  <p(qx))x, X > Χ3/

and, hence, for all x > X4 we obtain

Φ (φ^χ)) -  Ф(Ф(х)) < (<p(qx) -  Ф(х))Ф'_((р^х)) < (φ(ηχ) -  <p(x) +

( Φ (φ^χ)) -  Φ(φ(χ)) Φ(φ{χ))

qxx '

< qx =  qΦ(φ{qx)).\ x x

This implies the left of the inequalities (12). □

3 T h e  pr o o fs  o f  m a in  resu lts

Proof o f Theorem 7. Let Л Є А, А Є ( —oo, + 00], and Φ, Г Є be functions that satisfy (16).
Consider a Dirichlet series F Є V*A(\) of the form (2) such that Inμ{σ,Ρ) <  Φ(σ), σ  Є

[σι, A). By Lemma 5 we have In |я„| < — Φ(Λ„), η > n\.
Fix п2 >  щ  such that

Ε - 1 -— <-·η% 2 βΦ(λ«)-Γ(λ„) -  2

Then for all σ  є  [σ2ι A) we obtain

00 ί σ\
Σ Μ^λ· = Σ  Μ^λ" + Σ  Ι«»ΚΛ" < + Ε 4 τγτ
η= 0 η<η2 η>η2 η>η2 e  ( )

=  1 / w + / w  r  ^ - rw  < ί ΐ  +  г  < / и .
2 η>«2 \ 2 η>«2 Φ̂(λ,,)/

Flence, crfl(F) > Λ, so that F Є Τ>Α(λ). Furthermore, lnM(cr,F) < Г(сг), σ  Є [cr2/ A). □

Proof of Theorem 6. Let Л Є А, А Є (—oo, + 00], Ф є  Пд, and To > to ^ 0 be some constants. 
Assume that the condition (15) holds, i. e. for some c Є (to, To) we have A(c, To) <  1. Consider 
the function у =  A(c, t), t Є (c, + 00). It follows from the properties of this function, described



above, that there exists a point T Є (c,7b) such that A(c,T) < 1. Let q Є (Д(с, T), 1). Then 
there exists no Є No such that

In η < η ( ο φ ( ^ λ - Τ φ ( ^ \ ) ,  n > n 0,

and thus oo 1
у  --------< + 00. (19)

^ оЄ сФ (\ „/с)-Т Ф (\ „/Т )

Consider some Dirichlet series F Є Τ>*Α(λ) such that t<p(F) — to- Then f<f>(F) < c, and hence 
In }i(<r,F) < сФ (а), σ  Є [σι,Α ). By Theorem 7, in view of (19), the series F belong to the class 
Τ>Α(λ) and for this series the inequality In Μ (σ, F) < ТФ(сг) holds for all σ  Є [<72, A), so that 
T<j>(F) < T < T0. °

Proof o f Theorem 5. In view of Theorem 6, it remains only to prove the necessity of the condition 
(15).

We suppose that this condition is false, i. e. A(c, To) > 1 for all c Є (to, Tq), and prove that 
there exists a Dirichlet series F Є V A(\) of the form (2) such that ίφ(F) =  to, but T<j>(F) > To- 

For every f2 > t\ > 0 we set

S(h, h )  =  Um (ί2 _ ίι)φ((ρ(Λ,Ι/ί1))·

Note that Δ(ίι, t2) > S(h, t2), by the right of the inequalities (10).
First we consider the case when for every c Є (to, To) the inequality S(c, To) >  1, stronger 

than the inequality A(c, T0) > 1, holds. By Lemma 7, for every fixed c Є (to, To) and q Є (0,1), 
the set E(c, q) of all n Є N o such that simultaneously

A[n/2] \ λ . i  f  A„
Inn > ^ (Т о-с)Ф  (φ  ( у ) )  ' φ  (ψ  ( " Т ^ ) )  -  ηΦ ( φ c

is infinite. Let (ck) be a decreasing to ίο sequence of points in (ίο, To) and (qk) be a increasing 
to 1 sequence of points in (0,1). Choose a sequence (nk) of nonnegative integers such that for 
every k Є No the conditions nk Є E(ck,q k) and [и*+і/2] > пк hold.

Let η Є No- Put b„ =  e~Ck®(Xn/Ck\ if n Є [[η*/2],η*] for some k є  No, and let b„ =  0, if 
n І  [[щ /2], щ] for all k Є No- Consider the Dirichlet series (18) with the coefficients bn. This 
series we can write as

~  nk ps\n
G(s)  =  у у  — і -------- . (20)

For all n Є No such that n Є [[nk/2], nk} for some k Є No we obtain

1 І  =  І І ф  ^  = φ ί λ "
An bt1 λ„ \ ck J  \  ck

Since, by Lemma 3, the function Φ is increasing to A on (xo, + 00), we have /3(G) =  A. Thus, 
G Є V*A(k). Furthermore, if ψ : (Aq, A) -» (x0, + 00) be the inverse function of Φ (here 
A0 =  Φ(χ0 +  0)), then for all n Є [[nfc/2], nk\ and for every k > k0 we have

і Ф < ) =Ск'

This implies that ίφ(G) =  to.
If G Є V A (A), then it is enough to set an =  bn for all n Є No, i. e. it is enough to set F =  G. 

Indeed, if crk =  (р(\Пк/ с к), then for each k є  No and for all n є  [[пк/ 2], nk] we have

<r‘A” -  ^  ( ^ )  -  ( ^ )  + с‘ ф (v (тк

> c kt ( f  ( ^ ) )  > с „ Ф  ( « - ( ^ f 1) )  > ^ % φ ( ψ ( ^

and hence

nk P<rkA„
M(crk / G) =  G(crk) >  £

n=[nk/2]
ескф(\„/ск)

>  Г?± е ск‘1к<І, {ч>{'\/ск)) >  ^(Το-^)Φ(<ρ(λ,4 /^ ))-1 η 2 ^ ^ λ.Φ(<ρ(λ^/^)) _  е чкТ0Ф{сгк)-\п2  

Therefore, 1ηΜ(σ^, G) > qkToΦ(crk) — 1η2 for each k є  No- Since ak —> A ,k  —> сю, we obtain 

7 *(F ) =  T*(G) > Ш  >  T„ Bm 4t =  T„.
k —>· 00 4 > [& k ) k —teo

If G £ V A(X), then, by Theorem 8, there exists a Dirichlet series F Є V A(A) of the form (2) 
such that either an =  bn or an =  0 for every n Є No and F(cr) > ет°ф^  for all σ  Є [<7o, A). It is 
clear that ίφ(Ε) =  to and Τφ(Γ) > To-

Hence, in the case when for every c Є (ίο, To) the inequality 6(c,Tq) > 1 holds the existence 
of a Dirichlet series F Є V A (A) with ίφ(Ε) =  to and Τφ(Ε) >  To is proved. Now let us consider 
the opposite case, i. e. suppose that for some do Є (ίο, To) we have 0(do, Tq) < 1. Then

lnp < (T0 - ά 0)Φ (φ  ( ^ У )  - I n 3, p > V о-

Since, by Lemma 3, the function a(x) — Φ(φ(χ)) is nondecreasing on [0, + 00), for every c Є 
(ίο, do] we obtain

lnp < (T0 -  с)Ф (̂ φ i - y l l  “  ІпЗ, p > po- (21)

By the above assumption, A(c, To) >  1 for all c Є (ίο, To). Then from the properties of the 
function у — A(t,To), t є  (0, To), described above, it follows that for every c Є (to, To) the 
stronger inequality A(c, To) > 1 holds.

Let (ck) be a decreasing to ίο sequence of points in (ίο, Co]· Since A(ck, Tq) >  1 for every 
k Є No, there exists a sequence (nk) of nonnegative integers such that no > 2po and for all 
k Є No we have [n*+i/2] > nk and

Innk >Скф ( ^ Л - Т 0ф ( ^ - ) .  (22)
ck J  \To

Let n є  No- Put bn =  е_с*Ф(л»/с*), if n Є [[nk/2],nk] for k Є No, and let bn — 0, if
n І  [[η^/2], nk\ for every k Є No- Consider the Dirichlet series (18) with the coefficients
b„. This series we can write in the form (20). Arguing as above, we see that β (G) =  A and
ίφ (G) =  to.



Using (21) with c =  ck and p =  [nk/2 ] and also (22), for each k є  No we obtain 

(Т0 - с , ) Ф  ( i ’ ( ^ 1) )  > l n [ f ]  +  1 п З > І п я , > с , ф ( ^ )  - To * ( l f

/Гф (^))л -  <r° - с- )ф
Пк

To

and thus
[̂nk/2] > П̂к (23)
ck T0

Put crk =  φ(λ4 /Το). Then for every k Є No and for all n Є [[nk/2 ],n k], using (22), the
monotonicity of the function φ, and (23), we have

<*A. -  с*Ф ( £ )  -  A .f  ( % )  -  О® ( £ )  -  Т„Ф ( ,  ( ^ )  )  +  T„О Д  

= (A. -  4 ) 1 -  ( % )  -  * *  ( £ )  +  ( ^ )  + W < * )

> (An -  A „ >  -  с^Ф +  с^Ф -  Inn* +  ТоФ(^)

=  (A„ -A „ t)<p + c fc f  'k k φ (χ )άχ -\ п п к +  Т0Ф(сгк)
\ * 0 / J λ,η / Cfc

> (A, -  λ , >  +  c, φ ( £ )  -  Inn, +  Τ„Φ(<7·,)

=  (A„t -A „ ) -  <p - 1η ^  +  Τ0Φ (^ )

> -  lnnfc +  Τ0Φ(σ*.)·

If G Є V A(k), then it is enough to set an =  bn for all n Є No, i. e. it is enough to set F =  G. 
Indeed, in this case for every k Є No we obtain

M(«7„ G) =  G ta ) >  £  - £ ^ - -  > f  e" ■»».+**(*) =
n=[n,/2] ^ Ф(Л"/С̂  Z

Hence, lnM(Ofc, G) > Т0Ф((7>) -  In2 for all k Є N 0. Since ak -> A, k - *  oo, we have ТФ(Т) =  
ТФ(С) > T0.

If G І. T>a (A), then, by Theorem 8, there exists a Dirichlet series F Є Τ>Α(λ) of the form (2) 
such that either an =  b„ or an =  0 for every n Є No and F(cr) > ет°ф(а) for all σ  Є [σο, A). It is 
clear that ίφ(Τ) =  ίο and Тф(Р) > To. □

Proof o f Theorem 2. Let А Є А, А Є (—oo, +oo], and Ф Є ClA. Suppose that the condition (11) 
holds and consider a Dirichlet series F Є V*A(A) such that ίφ (Τ )  < +oo. Set to =  t<p(F). Let 
To > to and c Є (to, To) be fixed numbers. Using the condition (11) with t =  To and left of the 
inequalities (10), for all n > no we obtain

T o J J -  2 \  \ c j  \T0,

and thus A(c, To) < 1/2 < 1. By Theorem 6, the series F belong to the class V A(A) and for this 
series the inequality Tj>(F) < T0 holds. Since T0 > t0 is arbitrary, this inequality implies that
Τφ(Τ) =  ίφ (F). □

Proof o f Theorem 1. In view of Theorem 2, it remains only to prove the necessity of the condition
(11). Suppose that this condition is false, i. e. there exist positive constants to and δ  such that

—— In n
hm , . . .  >  δ. (24)n->oo Φ(φ(\„/ί0)))

Set To — to +  δ. Then, using the right of the inequalities (10), for every c Є (to , To) we obtain 

Λ  ( £ )  -  Г„Ф ( I )  < (T„ - с )Ф  (φ  ( £ ) )  < »  ( ,  ( £ ) )  , „ > no.

Together with (24) this implies that A(c, To) >  1 for every c Є (to, To). Then, by Theorem 5, 
there exists a Dirichlet series F Є T>A(A) such that ίφ(F) =  to and ΤΦ(Τ) > To > ίο- This 
completes the proof of Theorem 1. □
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Н ехай Ф —  така неперервна на [<7о,А )  функція, що Ф(<г) -»  + о о , якщо σ  —> А — 0, де 
А  Є ( —oo, + о о ]. Знайдено необхідну і достатню умову на невід'ємну зростаючу до + о о  послі­
довність (Л „)“=0, за якої для кожного абсолютно збіжного в півплощині Re s <  А  ряду Д ір іх л е  

вигляду F (s) =  Σ~=ο anes^n, s =  σ  +  it, виконується співвідношення

Π ^ΙηΜ ΚΠ —  I n ^ F )
“•Μ Φ (σ) a u  Φ (σ) '

де M (cr,F ) =  sup{|F(s)| : R es =  a }  і }i(cr,F) =  тах{|д„|е<7Л'' : n >  0 }  — максимум модуля і 
максимальний член цього ряду відповідно.

Ключові слова і фрази: ряд Діріхле, максимум модуля, максимальний член, узагальнений 
тип.
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GELFAND LOCAL BEZOUT DOMAINS ARE ELEMENTARY DIVISOR RINGS

We introduce the Gelfand local rings. In the case of com m utative Gelfand local Bezout domains 
we show that they are an elem entary divisor domains.
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I n t r o d u c t i o n

As a common generalization of local and (von Neumann) regular rings, Contessa in [1] 
called that a ring R is a VNL (von Neuman local) ring if for each а Є R either a or 1 — a is a 
(von Neumann) regular element. In this analogy, we consider Gelfand local rings which are 
generalizations of commutative domains in which each nonzero prime ideal is contained in a 
unique maximal ideal. In this paper we show that a commutative Gelfand local Bezout domain 
is an elementary divisor ring. Note that these results are responses to open questions in [6].

We introduce the necessary definitions and facts. All rings considered will be commutative 
and have identity. A ring is a Bezout ring, if every its finitely generated ideal is principal. A 
ring R is an elementary divisor ring if every matrix A (not necessarily square one) over R admits 
diagonal reduction, that is, there exist invertible matrices P and Q such that PAQ is a diagonal 
matrix, say (da), for which da is a divisor of d,+i/i+i for each i.

Two rectangular matrices A and В are equivalent if there exist invertible matrices P and Q 
of appropriate sizes such that В =  PAQ (see [5], [6]). Recall that a ring R is called a Gelfand 
ring if for every a,b  Є R such that a +  b =  1 there exist r,s Є R such that (1 +  ar) ( l +  bs) = 0 . 
A ring R is called a PM-ring if each prime ideal is contained in a unique maximal ideal.

R e s u l t s

Definition 1. An elem ent а Є R o f  a commutative ring R is called a Gelfand elem ent i f  the 
factor ring R /aR  is a PM-ring.

Proposition 1. An elem ent a o f  a commutative Bezout dom ain R is a Gelfand elem ent i f  and 
only i f  for every elements b,c Є R such thataR +  bR +  cR =  R an elem ent a can be represented  
as a — rs, w here rR +  bR =  R, sR +  cR =  R.

©  Zabavsky B.V., Pihura O.V., 2015

Proof. Denote R =  R /aR  and b =  b +  aR, c =  c +  aR. Since aR +  bR +  cR =  R, we have 
bR +  cR =  R. Let r =  r +  aR, s =  s +  aR. Since a — rs, then 0 =  rs, where rR +  bR — R, 
sR +  cR =  R. Then R is a Gelfand ring. By [4], R is a PM-ring.

If jR is a PM-ring, then R is a Gelfand ring and 0 =  rs, where TR +  bR — R,sR  +  cR =  R for 
arbitrary b,c  Є R such that bR +  cR — R. Whence we obtain aR +  bR +  cR — R and rs Є aR, 
that is, rs =  at for some t Є R.

Let rR + aR =  r-̂ R, sR +  aR — S\R, where r =  r\r§, a =  r^o, s =  S1S2, я — S\a2, such that 
r0R +  a0R =  R and s2R +  a2R = R. Since roR +  uqR =  R, we obtain r^u +  aov =  1 for some 
elements u, v Є R. Since rs — at, then r ^ s  =  and ros =  яо- By the equality r0u +  aov =  1 
we have ao(tu +  sv) — s. Therefore, a =  rjflo where r^R +  bR =  R and aoR +  cR =  R. □

Proposition 2. The set o f  all Gelfand elements o f  a commutative Bezout domain R is a satu­
rated multiplicatively closed set.

Proof. Let a, b be Gelfand elements of R. We show that ab is a Gelfand element. Suppose the 
contrary. Then there exists a prime ideal P and maximal ideals Mi, M2 of R such that Μι φ M2 
and ab Є P C Μι Π M2. Since ab Є P and P is a prime ideal of R, we obtain that a Є P or 
b Є P. This is impossible, because a, b are Gelfand elements and Р с М і П  M2. Therefore, the 
set of Gelfand elements is multiplicatively closed.

Let ab be a Gelfand element of R. If a is not a Gelfand element then there exists a prime 
ideal P such that a Є P and P C Μι Π M2 for some maximal ideals M i, M2 for which Μι φ M2. 
Therefore, ab Є P and P C Μι Π M2, Μι φ M2. This is impossible, because ab is a Gelfand 
element. □

Definition 2. A commutative ring is a Gelfand local ring (GLR) i f  for each а Є R either a or 
1 — a is a Gelfand element.

Since in a commutative domain in which each nonzero prime ideal is contained in a unique 
maximal ideal every nonzero element is a Gelfand element, we obtain the following result.

Proposition 3. A commutative dom ain in which each nonzero prim e ideal is contained in a 
unique maximal ideal is a Gelfand local ring.

The following example of a Gelfand ring is due to Henriksen [2].
Let R =  {zo +  α\Χ +  α\Χ2 +  . . .  \zq Є Z , йг- Є Q, і =  1 , 2 , . . The Jacobson radical of R is 

J(R ) =  {α\Χ +  α\Χ2 +  . . .  |я,· Є Q , і =  1 , 2 , . . Obviously, if 0  φ а І  J(R) then я is a Gelfand 
element. If а Є J(R) then 1 — a is a Gelfand element.

Proposition 4. A commutative domain is a GLR ring i f  and only i f  for every a,b  Є R such that 
aR +  bR =  R either a o rb  is a Gelfand element.

Proof. Let R be a GLR ring and aR +  bR =  R. Then au +  bv =  1 for some elements u,v Є R. 
By the definition of R we obtain that au or bv =  1 — au is a Gelfand element. If au is a Gelfand 
element, then by Proposition 2, я is a Gelfand element as well. If bv is a Gelfand element then 
by Proposition 2, b is a Gelfand element as well. Sufficiency is obvious. □

The main result of this paper is the following theorem.

Theorem 1. Any GLR Bezout domain is an elem entary divisor ring.

http://www.journals.pu.if.ua/index.php/cmp
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Proof. Let R be a commutative GLR Bezout domain. Let a, b, c Є R be such that aR +  bR +  cR =
R. Let aR +  cR =  dR. Since aR +  bR +  cR — R, then bR + dR =  R. Since R is GLR, then there
two cases are possible:

1) b is a Gelfand element;
2) d is a Gelfand element.
Let us consider the first case. If b is a Gelfand element, we have b =  rs where rR +  aR =  R, 

sR +  cR =  R. Let p Є R be such that sp +  ck — 1 for some k Є R. Hence rsp +  rck =  r 
and bp +  crk =  r. Denoting rk =  q, we obtain (bp +  cq)R +  aR =  R. Let pR +  qR =  SR and 
3 =  ppx +  qqi with p\R +  q\R =  R. Hence p\R +  (bpi +cq\)R  =  R. Since pR C p\R, we 
obtain p\R +  cR =  R and p\R +  (bp\ +  cq\)R =  R. Since bp +  cq =  3(bp\ +  cqi) and (bp +  
cq)R +  aR =  R, we obtain (bp\ +  cq\)R +  aR =  R. Finally, we have ap\R +  (bp\ +  cq\)R =  R. 
By [3] a commutative Bezout domain R is an elementary divisor ring if and only if the matrix

U J , where aR +  bR +  cR =  R has a diagonal reduction. Note that a matrix A has a 
0  c J

diagonal reduction if and only if there exist p,q  Є R such that apR +  (bp +  cq)R =  R. That is, 
if b is a Gelfand element, R is an elementary divisor domain.

Consider the second case. Let d be a Gelfand element. Since dR =  aR +  cR then a =  dao, 
c =  dc0r where floR +  CqR  =  R. Since R is a GLR ring, by Proposition 4 we obtain that an 
element До or Q) is a Gelfand element. Note, according to the Proposition 2 then a matrix

A =  ^  ^\ , where aR +  bR +  cR =  R is equivalent to the matrix В and В =  ^  , where

β is a Gelfand element and ctR +  βR  +  7 R =  R. By similar considerations as in case 1, we 
conclude that a matrix В and hence a matrix A has a diagonal reduction. Therefore R is an 
elementary divisor domain. □
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Забавський Б.В., Пігура O.B. Локально гельфандові області Безу є кільцями елементарних дільників
I I  Карпатські матем. публ. —  2015. —  Т.7, №2. —  С. 188-190.

Введено локально гельфандові кільця. У випадку комутативних локально гельфандових 
областей Безу показано, що вони є областями елементарних дільників.

Ключові слова і фрази: гельфандове кільце, область Безу, область елементарних дільників.
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М а с л ю ч е н к о  О .В.1'2, О н и п а  Д.П .2 

ГРАНИЧНІ КОЛИВАННЯ НЕПЕРЕРВНИХ ФУНКЦІЙ

У цій роботі доведено, що для довільної напівнеперервної зверху функції /  : F  -4  [0;+оо], 
що визначена на межі F =  G \ G деякої відкритої множини G в метризовному просторі X , 
існує неперервна функція g  : G ->  R , граничне коливання ώ ;< якої рівне / .

Ключові слова і фрази: граничне коливання, дискретно досяжний простір, напівнеперервна 
зверху функція.
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В с т у п

Задача про побудову функції з даним коливанням вперше розглядалася в статті 
П. Костирка [5], в якій було встановлено, що для довільної напівнеперервної зверху фун­
кції / : X —> [0; + 00], що визначена на метризовному берівському просторі X без ізольо­
ваних точок, існує функція g : X —> IR, коливання якої рівне /. Ці дослідження були 
продовжені в роботах С. Пономарьова, Я. Еверт, 3. Гранде, 3. Душинського, С. Коваль- 
чика [4, 2, 6]. Питання про побудову функцій з певного функціонального класу з даним 
коливанням вивчалося в роботах [7, 9,10,11,13,14].

Ми продовжуємо дослідження функцій на межах їх областей визначення, розпочате 
нами в [12]. Там було встановлено, що кожна неперервна функція / : F —> [0;+оо), ви­
значена на замкненій ніде не щільній множині F C  R без ізольованих точок, є граничним 
коливанням деякої локально сталої функції g : G —» 1R, що визначена на доповненні 
G = IR \ F. Досі не з'ясовано, чи можна побудувати таку локально сталу функцію g для 
довільної напівнеперервної зверху функції / : F -> [0; +оо]. В даній роботі буде доведе­
но існування неперервної функції g з такими властивостями, чим буде дано відповідь на 
проблему 1 з [12] для випадку, коли Р — це властивість неперервності.

Нагадаємо, що для деякої підмножини D топологічного простору X, і деякої функції 
g : D —> 1R, коливання цієї функції <x>s : D —> [0; +оо] визначається формулою

^ W  =  , , inf SUP \g(u)~ g (v )  I, x e D .
U-οκΐΛΧ U OeUnD

Верхня та нижня граничні функції gv,g A : D —> R  =  [—оо; +оо] визначаються формулами

gw(x) =  lim sup g(u) =  inf sup g(u), 
m i  и'ОКІЛХиєипС
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g A(x) =  lim infg(u) =  sup inf g(u), x Є D.
U- О КІЛ X

Як відомо, =  gv - g A. Множина suppg =  {x  Є D : g(x) φ  0} називається носієм функції 
g. Граничним коливанням називається звуження a)g — ω ?|ρ\0 .

1 В и п а д о к  д и с к р е т н о ї  о б л а с т і  в и з н а ч е н н я

Нагадаємо, що ніде не щільна підмножина Е топологічного простору X називає­
ться слабко парно досяжною  [8], якщо для довільної відкритої множини G в X, такої, що 
E C G \ G, існують неперетинні відкриті множини А, В C G, такі, що A \G  =  B\ G  =  Е. 
Простір X називатимемо слабко парно досяжним, якщо кожна замкнена ніде не щільна в 
X множина є слабко парно досяжною. Підмножину S метричного простору X називати­
мемо ε-відокремною [7], якщо d(s, t) > ε для довільних різних точок s,t Є S. Казатимемо, 
що S відокремна, якщо вона є ε-відокремною для деякого ε > 0. Крім того, позначатимемо

Β(χ,ε) =  {у  Є X : d(x,y) < ε}, Β(Ε,ε) =  ( J  Β(χ,ε), d(x, Ε) =  inf d(x,y),
х Є Е  y e E

для ε > 0 ,  x Є X i E C X. Множину S називатимемо σ -дискретною, якщо існує послідов-
ОО

ність дискретних множин Sn, така, що S =  (J S„.
п= 1

Теорема 1. Нехай X — метризовний т о п о л о г і ч н и й  простір, F замкнена в X iD  дискретна 
в X, такі, щ о F =  D\ D i f : F —> [0; +оо] напівнеперервна зверху. Тоді існує g : D —» 
[0; +оо) така, щ о ajg — /.

Аоведення. Зафіксуємо метрику d, що породжує топологію X. З [7, лема 3] випливає, що 
існує функція /і : F -> [0;+оо), така, що — /, і носій S =  supp/i є σ-дискретним в
F. Кожна σ-дискретна підмножина метризовного простору подається у вигляді зліченно- 
го об'єднання відокремних множин [7, лема 2], зокрема, існує диз'юнктна послідовність

ОО

відокремних множин Sn таких, що S — U Sn.
n=1

Покажемо, що множину D можна подати у вигляді D =  D\ U D2, так, що D\ П D2 =  F. 
Покладемо Xo =  D. Оскільки простір Хо метризовний, то він є слабко парно досяжним 
[8]. Далі з того, що всі точки множини D є ізольованими, випливає, що D відкрита в Хо- 
Але множина F C D \ D є слабко парно досяжною. Тому існують неперетинні відкриті 
в Хо множини А, В C D такі, що A \ D  =  B\ D — F. Покладемо Di =  А і D2 =  D \ А. 
Тоді D i \ D  =  A \ D  =  F. Оскільки D2 =  D \ A D В, то D2 \ D D B \ D  =  F. Крім того, 
D2 \ D C D \ D  =  F. Отже, D2 \D =  F. Таким чином, ми довели, що D\\D =  D2 \D  =  F. 
Оскільки D — дискретний підпростір, то всі його шдмножини замкнені в D. Зокрема, 
матимемо, що П D =  Di і D2 П D =  D2. Тепер отримуємо, що

Ό [Π Ό Ι=  ((D 7 n D i)\ D )U ((D 7 n D ^ )n D ) =  ((DT \ D) П ( р 2 \ D))
U ((Di П D) П (D2 П D)) =  (F П F) U (Di П D2) =  F U 0  =  F.

Оскільки множини Sn відокремні, то і для деякої послідовності чисел δη множини Sn бу­
дуть <5„-відокремними. Виберемо деяку нескінченно малу послідовність £„ < δп так, щоб
0 < ε η < ε„_ι для довільного η > 1. Тоді множини Sn будуть є„-відокремними. Побу­
дуємо сім'ї точок [рп(х)  : х  Є S, η Є Ν) так, щоб для довільних х ,у  Є S, n, m Є N 
виконувались умови:

рп(х) Є Di; (1)

р„(х) ф Pm (у)/ я к щ о  (п,х) ф (т ,у); (2)
d(x ,pn(x)) < х Є Sm. (3)

Побудуємо спочатку точки рп(х) для х Є Sі- Зафіксуємо деяке х Є Sі- То- 
A i x € S i C S C F C D i .  Міркуючи індуктивно по η Є Ν, виберемо точки 
р,і(х) Є В(х, ^ 1) ПО! \ {pk(x) : к < п}. Припустимо, що для деякого т >  1 уже побу­
довані точки рп (х) для н e N ,  k < m i x e S k 3  виконанням умов (1) — (3). Оскільки для 
таких х матимемо, що рп(х) —> х, то множина F(x) =  {р,і(х) : η Є N } U {х } замкнена. 
Крім того, для х Є Sk,k  < т маємо, що F(x) С В(х, ^). З того, що S* є ε -̂відокремними ви­
пливає, що сім'я куль {В(х, у ) ,х  Є S*} є дискретною. А значить, дискретною буде і сім'я 
{F(x) : х Є S/J. Отже, множини Fk — U F(x) замкнені. Крім того, F(x) П F =  {х } для ко-

XdSk
жного х Є Sfc. Тому F* П F =  S*. Зафіксуємо точку х Є Sm. Визначимо послідовність точок 
рп (х), що задовольняють умови (1) — (3). Оскільки х Є Sm C F С і x  ̂ S* =  F* П F для 
к < т, то існує рі(х) Є В(х, П Di \ ( (J F*). Припустимо, що для деякого η >  1 вже

к<т

визначені рДх) для; < п. Тоді виберемо р«(х) Є В(х, \ ί {pj(x) : j < n} U (J F*· j .
' k<m '

Зрозуміло, що умови (1) — (3) виконуються. Таким чином, сім'я (рп(х) : м Є N, х Є S) 
побудована.

Для довільних х Є S і E C F покладемо

Р(х) =  (р«(х) : η Є Ν }, Р(Е) — {р п(х) : η Є Ν ,χ  Є Е П S}.

Доведемо, що виконується така властивість:

(*) Р(Е) (IF  C Е для довільної замкненої множини E C F.
ОО

Візьмемо замкнену множину E C F і позначимо Ет =  Ε П Sm. Оскільки IJ Ет =
т=1

ОО ОО

ЕП U Sm =  Ε П S, то Р(Е) =  U Р(Ет). Далі зауважимо, що Р(Ет) =  U Р(х). Крім
ш = 1  / п = 1  * € Ε „ ,

того, з монотонності (ε,„) і властивості (3) матимемо, що Р(х) C B(x,^ f) при х Є Ет, 
адже d(x, ρ η (х)) < < ψ  при х Є Ет. Але множина Ет є εш-відокремною. Тоді сім'я
(В(х, ψ ) ) х е Е т> а  значить і сім'я (Р(х))хеЕт є  дискретною. Крім того, оскільки рп(х) —> х, 
то Р(х) П F =  {х } для кожного х Є Ет. Отже,

Р(Ет) П F =  (J  Р ( х ) П Е =  (J  Р(х) П F =  l J { x }  =  EmCE.
хЄ.Ещ хєЕщ хєЕпі

Далі позначимо Gm =  В(Е, ε,η). Знову використавши (3), матимемо, що P(Efc) Q G,„ при 
k > т. Таким чином, для довільного m Є N маємо, що

Р(Е) -  ( J  Р(Ек) U ( J  P(Efc) =  U  P(Efc) U У  Р(Ек) C у  Р(Ек) U Gra.
к<т к>т к<т к>т к<т

І нарешті, оскільки за доведеним вище Р[Ек) П F C Е, то Р(Е) П ЕС  (J (Р{Ек) П F) U Gm С
к<т

ОО _
E U G,„ для кожного номера m. Тоді з П Gm =  Е одержуємо

т= і

Р(Е) П Е С  Q  (E U Gm) =  E U П  Gm -  Е.
ш=1 т=1



Отже, властивість (*) доведена.
Позначимо Р =  {р п(х) : п Є N, х Є S}. Зауважимо, що P C D\ і D2 Q D \ Р. Визначи­

мо функцію g : D —У [0; +оо) наступним чином:

s(y) =
0, якщо у Є D \ Р,
/і (х), якщо у =  р„ (х) і /і (х) < 00,

п, якщо у =  рп (х) І / і  (х) =  °°·

Покажемо, що g е шуканою. Зафіксуємо Хо Є F. Покажемо спершу, що gA ( xq) =  0. 
Візьмемо деякий окіл U точки Хо- Оскільки D2 \D =  F ,то існує и Є D2 П Li. За означенням 
функції g маємо, що g(u) =  0. Крім того, g(x) > 0 для кожного х Є D. Тому inf g(u) =  0.

В такому разі gA(xo) =  sup inf g(u) =  0.
и-окілх0иеи

Покажемо тепер, що gv(xo) =  /(*о)· Доведемо спочатку, що gv(xo) > /(*о)· Якщо 
/(х0) =  0, то ця нерівність очевидна. Нехай /(хо) > 0. Візьмемо 7  Є (0;/(хо)) і де­
який окіл U точки хо- Оскільки sup/i (Li) > /|V(хо) =  /(хо) > 7/ то існує uq Є U таке, 
що /і(«о) > 7 - 3  того, що р„(и0) ->■ «о при я -> оо, випливає, що існує н0 Є N  таке, 
що для довільного п > по матимемо рп{щ ) Є Li· За означенням функції g маємо, що 
g(Pn(u0))) /1 (мо) ПРИ п —У оо. Тому існуватиме Пі > по таке, що для довільного п > п\
виконується нерівність g(pn(u0)) > 7 . Отже, sup g(u) > g(pn, (u0)) > 7· Але Li — до-

ueU nD
вільний окіл Хо. Тому g v (х0) =  inf sup g(u) >  7 . Спрямувавши 7  до /(хо), матимемо,

11-окілХоиЄц
ЩО gv(x0) > f ( x 0).

Перевіримо, що gv(xo) < /(хо).Якщо/(хо) =  ОО, то все ясно. Нехай/(хо) < оо. Візьме­
мо ε >  0 і доведемо, що g v (xo) < f ( x 0) +  ε. Оскільки / напівнеперервна зверху, то існує 
відкритий окіл їіі точки Хо, для якого /(χ) < /(χо) +  ε при х Є U\. Розглянемо замкнену 
множину Е =  F \ U\. За властивістю (*) матимемо, що Р(Е) П F C Е. Далі, оскільки Хо Є Р 
і Хо $£ Е, то Хо  ̂ Р(Е). Тому відкрита множина Uq =  U\ \ P(E) є околом точки Хо-

Покажемо, що g(y) < /(хо) +  ε при у Є Uo (1 D. Візьмемо у Є Uo П D. Якщо 
у І  Р, то g(y) =  0 < /(χо) +  ε. Нехай у Є Р. Тоді існують η Є N  і х Є S такі, що 
у =  р„(х). Але р„(х) =  у Є Uo =  Ui\ Р(Е). Тому рп(х) І  Р(Е). Отже, х І  Е. Значить, 
x e F \ E  =  F \ (F \ U l ) =  F r U 1 C U 1. Отже, g(y) <  /і(х) < /(х) < /(х0) +  ε. Таким чи­
ном, g{y) < f  (х0) +  ε при у Є Lio n D. Отже, gv(xo) =  inf sup g(y) < sup g(y) <

U —ОК1Л  Xq  y (z J J f )D y e U 0H D

f ( x 0) +  ε. Залишилось спрямувати ε —>■ 0. □

2  П р о д о в ж е н н я  з а  Д у ґ у н ж і

Для метризовного простору У, замкненої множини А в У і неперервної функції 
f  : А -¥ ]R розглянемо покриття В =  { В(х, \d(x, А) ) : х Є У \ А } метризовного просто­
ру У \ А. За [3] існує локально скінченне розбиття одиниці (<ps ) s € S  на У \ А, яке підпо­
рядковане покриттю В. Позначимо Us =  supp<ps, тоді {Lis : s Є S} — локально скін­
ченне покриття У \ А, вписане в покриття В. Для кожного s Є S існує xs Є У \ А таке, 
що Us C B(xs, \d(xs, А)). За означенням відстані від точки до множини існує така точка 
а5 Є А, що d(xs,a s) < |d(xs,A ).

( Σ  <Ps(x)f(as), х Є У \ А 
Покладемо g(x) =  Дду/(х) =  < seS

[ f ( x ) f  х Є А.
Функція g =  Δ^γ/(χ) : У —> [0; +оо) називається продовженням за А уґунжі функції 

h : D —> [0; + 00). В роботі [1] доведено, що g є неперервним продовженням /.

Лема 1. Нехай X — метризовний топологічний простір, Y C X, А замкнена в Y, 
f  : А —У R  — неперервна функція і g =  Дду/ : У —* R  — продовж ення за А уґунжі ф ун­
к ц ії/ . Тоді в  к о ж н і й  т о ч ц і  xq Є А \ У виконуєт ьсящо α γ ( χ ο )  =  cvg(xo).

Аоведення. Нехай Lis, xs, as такі як в означенні функції Д ду. Зафіксуємо точку хо Є А \ У
і покажемо, що cVf(xo) — o>g(xo). Позначимо Sx =  {s Є S : х Є Lis}, матимемо
g(x) =  E  (Ps(x)f(as) длях € У\ A.

seS*
За означенням верхньої та нижньої граничних функцій маємо, що для кожного ε > 0 

існує такий окіл U точки Хо, що для кожного х Є Li П А виконується нерівність:

*  = Ґ ( хо) ~ ε  < f (x )  < f ( x o ) + z  =  β·

Виберемо таке δ >  0, що В(хо,3J) C Li. Позначимо Uo =  B(xq,S). Далі зафіксуємо деякі 
х Є Lio П (У \ A) is  Є Sj.ToAix Є Us C B(xs, \d(xs, А)). Звідси d(x,xs) < \d(xs, А). З іншого 
боку d(xs,a s) <  fd(xs, А). Значить, d(x ,as) < d(x, xs) +  d(xs,a s) < \d(xs, A) +  fd(xs, A) =  
I d(xSrA). Таким чином, ми довели, що d(x,as ) < \d(xs, А).

Візьмемо a Є А. Тоді d(x, А) < d(x, a). Оскільки Хо Є Α ,τ ο ά (χ ,Α )  <  lim d(x,a) —a—̂XQ
d(x,x0) < δ, адже х Є Uo- Отже, d(x,A ) < δ. Тепер d(xs,A ) < d(xs,x )  +  d(x, A) < 
\ά(χ3,Α ) +  δ. Звідси |d(xs, A) < δ, а отже, d(xs, A) < ToAid(x,as) < \d(xs,A ) <  § · =
2δ. За нерівністю трикутника маємо, що d(xо, as) < d(xо, x) +  d(x, as) < δ +  2δ =  3δ.

Отже, ми довели, що для довільних х Є Lio П (У \ А) і s Є Sx виконується, що as Є 
Β(χο,3δ) C U. Тоді для функції / виконується, що ос < f ( a s) < β. Відповідно матимемо

« =  Σ  Φ*(χ ) · α <  ^(χ ) =  Σ  <Ps(x ) f ( as) <  Σ  ‘Μ * )  -β  =  β·
seS x seS x seS x

Таким чином a < g(x) < β для кожного х Є Lio П (У \ А). Якщо х Є Lio П А, то з того, що 
Lio <Ξ Li, випливає, uxog(x) — /(х) Є (α,β)·

Отже, ми довели, що для кожного х Є Lio П У виконується нерівність а < g ( x )  <  β· 
Значить,

C0g(xo) < cog(Uo) =  sup \g(x')-g(x")\ < β - < χ = / ν (χ0) + ε - ( / Λ(χ0) - ε )  
x',x"eU 0n Y

=  ґ ( х о )  - f A(x0) +  2ε =  cvf(xo) +  2ε.

Спрямувавши ε —> 0, матимемо cog(xo) < ωβ(χο). З іншого боку, функція g є продовжен­
ням функції/, а тому cVg(xo) >  αγ(χο). Таким чином, ω^(χο) =  со/(х0)· □

З ОСНОВНИЙ РЕЗУЛЬТАТ

Підмножину Е топологічного простору X називатимемо слабко дискретно досяжною
[8], якщо для довільної відкритої в X множини G, такої, що E C G \ G, існує замкнена 
дискретна в G множина А, така, що А \ G =  Е. В [8] доведено, що в метризовному про­
сторі усі замкнені ніде не щільні множини є слабко дискретно досяжними.



Теорема 2. Н ехай X — метризовний топологічний простір, G відкрита в X, F — G \ G
і / : F —» [0; +оо] — напівнеперервна зверху функція. Тоді існує неперервна функція g : 
G —> Ж така, щ о cvg =  f .

Аоведення. За означенням дискретної досяжності існує дискретна множина D C G така, 
що D \D  =  G\ G =  F. За теоремою 1 існує h : D —> [0; +оо), така, що а;/, =  /. Підпростір 
D є замкненим в G. Нехай функція g =  A D/Gh. В [1 ] доведено, що g є неперервним про­
довженням h. За лемою 1 матимемо, що для довільного х Є F — D \ G  виконується, що 
ojg(x) =  LOh( x ) .0  тже,а)^ =  ώ Η. Але coh =  f .  Тому =  /. Отже, функція g  є шуканою. □
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М И ТРО Ф А Н О В  M . A .

ВІДОКРЕМАЮВАЛЬНІ ПОЛІНОМИ ТА РІВНОМІРНО АНАЛІТИЧНІ І 
ВІДОКРЕМЛЮВАЛЬНІ ФУНКЦІЇ

Наведено основні результати з теорії відокремлювальних поліномів та рівномірно аналі­
тичних та відокремлювальних функцій на сепарабельних дійсних банахових просторах. Роз­
глянуто основні властивості відокремлювальних поліномів та рівномірно аналітичних та від­
окремлювальних функцій. Вказано зв'язок між слабкою поліноміальною топологією та то­
пологією норми за наявності відокремлювального полінома на просторі. Наведено достатні 
умови існування рівномірно аналітичних та відокремлювальних функцій. Досліджено компо­
зицію рівномірно аналітичної та відокремлювальної функції та лінійного відображення.

Ключові слова і фрази: відокремлювальні поліноми, відокремлювальні функції, аналітичні 
функції.

Institute for Applied Problems of Mechanics and Mathematics, 3b Naukova str., 79060, Lviv, Ukraine 
E-mail: m ish m it@ ra m b le r .ru

В с т у п

У 1954 році Я. Курцвейл у праці [17] встановив умови апроксимації неперервних фун­
кцій аналітичними на відкритих підмножинах сепарабельних дійсних банахових просто­
рів. Автором, у цьому випадку, доведено що достатньою умовою для апроксимації є існу­
вання відокремлювального полінома на просторі. У 2012 у праці [2], за наявності від­
окремлювального полінома, встановлено зв'язок між слабкою поліноміальною тополо­
гією та топологією норми на банаховому просторі. У подальших дослідженнях апрокси­
мації найбільш ґрунтовний результат отримали М. Боісо та П. Гаєк, у 2001 році у праці
[9]. Зокрема вони довели, що для випадку апроксимації рівномірно неперервної фун­
кції на просторі умова існування відокремлювального полінома може бути послаблена 
до існування рівномірно аналітичної і відокремлювальної функції. Проте, незважаючи 
на подальші дослідження (зокрема, працю [8] авторів Д. Азгарда, Р. Фрай, А. Кінер), та­
ких достатніх умов існування апроксимації досі не вдалося позбутися. Тому актуальним 
залишається питання про те, які саме простори допускають відокремлювальні поліноми 
та відокремлювальні рівномірно аналітичні функції.

З теорії відокремлювальних поліномів на банахових просторах суттєві результати от­
римано у 1989 році М. Фабіаном, Д. Преіссом, Дж. Вайтфіелдом та В. Зізлером у статті 
[13] та дано ґрунтовний огляд у 1997 році Р. Гонзало, X. Хараміло у статті [14]. З теорії 
рівномірно аналітичних і відокремлювальних функції на банахових просторах основні
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результати викладені у 2001 році у праці [9]. Проте всі ці результати викладено англій­
ською мовою, крім того після 2001 року отримано деякі нові результати як з теорії від­
окремлювальних поліномів, так і з теорії рівномірно аналітичних і відокремлювальних 
функцій, зокрема праці [2, 6,4]. Метою цієї статті є ґрунтовний огляд сучасних результа­
тів у цих напрямках. Оскільки дана стаття є оглядовою, то значна частина результатів у 
ній подається без доведень які є наведеними у попередніх статтях з цієї тематики, проте 
надаються посилання на доведення цих результатів.

1 В і д о к р е м л ю в а л ь н і  п о л і н о м и  т а  ї х  в л а с т и в о с т і

Всі поліноми, котрі ми будемо розглядати в цій статті, вважаються неперервними. 
Існує кілька (не еквівалентних) означень відокремлювального полінома. З них най­

більш вживаними є наступні.

Означення 1.1. Нехай X є нормованим простором  над полем дійсних чисел Ж. Лійсний  
поліном q : X —>· R  називається відокремлювальним поліномом, якщ о q задовольняє  
умову

ω  А ч ( х ) - я Ш > о .  (і)
* є х  ||*||=і

Це означення неявно введене Курцвейлем у [18].

Означення 1.2. Нехай X є нормованим простором над полем дійсних чисел R. Лійсний 
поліном q : X - *  R  називається відокремлювальним поліномом, якщ о q задовольняє  
умови:

1 . q(0 )  =  0 ,

2. І q(x) |> 1 дл я  кож ного х Є X, такого щ о  j|x|j =  1.

Це означення часто використовують у літературі.
У праці [14] введено не еквівалентне до попередніх наступне означення відокремлю­

вального полінома.

Означення 1.3. Нехай X є нормованим простором над полем дійсних чисел R. Лійсний 
поліном q : X —> 1R називається відокремлювальним поліномом, якщ о q задовольняє  
умови:

1 . q(0 )  =  0 ,

2. inf{(/(x) : I|x|I =  1 }  >  0.

Означення 1.4. Нехай X є нормованим простором над полем дійсних чисел R. Лійсний 
поліном q : X —> R  називається відокремлювальним поліномом, якщ о q задовольняє  
умови:

1. q(0) = 0,

2. m£{\q(x)\ : ||*|| = 1} > 0.

Проте, як легко переконатися, питання про існування відокремлювального полінома 
на просторі має однакову відповідь у сенсі класичних означеннь 1.1,1.2 та означення 1.3. 
Надалі ми будемо використовувати означення 1.3.

1.1 Властивості відокремлювальних поліномів.

Означення 1.5. Поліном Р Є 'P(nX) називають поліномом скінченного типу, якщ о він є 
скінченною сумою скінченних добутків лінійних функціоналів.

Простір поліномів скінченного типу позначають V f(nX).

Означення 1.6. П оліном Р Є V( nX) називають апроксимовним, якщ о він належить д о  
замикання множини всіх поліномів скінченного типу.

Зауважимо, що всі апроксимовні поліноми скінченного типу є слабко неперервними, 
оскільки всі лінійні функціонали є слабко неперервними.

Зауважимо, що якщо розмірність простору X дорівнює одиниці, то кожне ненульове 
лінійне відображення L таке, що L(0) =  0, наприклад L(x) =  х, буде відокремлювальним 
поліномом.

У випадку, коли розмірність нормованого простору X над полем R (або С) є не мен­
шою за два, з результатів Алексанрова [1] випливає, що сфера в просторі X є лінійно 
зв'язною множиною. У подальшому будемо вважати, що простори X та Y мають розмір­
ність не меншу за два.

Твердження 1.1 ([5]). Відокремлювальнийполіном нескінченновимірного простору X не  
є апроксимовним.

Аоведення. За теоремою Голдстайна [3, ст. 460] образ одиничної сфери з X слабко щіль­
ний в одиничній сфері другого спряженого простору X". Отже, існує напрямленість на 
одиничній сфері в X, яка слабко прямує до нуля. Оскільки поліном є відокремлюваль­
ним, його значення на цій напрямленості не прямують до нуля. Отже, він не є слабко 
неперервним. Враховуючи, що всі поліноми скінченного типу є слабко неперервними, 
вказаний поліном не наближається поліномами скінченного типу, а, отже, він не є апро­
ксимовним. □

Гільбертів простір є найпростішим прикладом нескінченновимірного простору, який 
допускає відокремлювальний поліном. Насправді, якщо В — білінійна форма визначе­
на скалярним добутком гільбертового простору Н, тоді поліном q(x) — В (х ,х) =  ||х||2 
є відокремлювальним поліномом на Н. З іншого боку, припустимо, що X є банаховим 
простором, що допускає однорідний відокремлювальний поліном q степеня 2. Нехай А є 
білінійною симетричною формою, асоційованою з q, і нехай a :=  inf{|^(x)| : ||х||=1 } . 3  
однорідності випливає, що

а||х||2 ^ |<7(х)| =  |Л(х,х)| ^ ||А||||х||2.

Це означає, що

11*11 =  (к (*)І)*

є гільбертовою еквівалентною нормою на просторі X (інакше кажучи простір X є ізомор­
фним до гільбертового простору).

У просторах ί 2„ та Ίχη для η Є N  існують відокремлювальні поліноми, які ми описує­
мо у наступному прикладі.



Приклад 1. Визначимо поліном F у  дійсном у просторі І2п поклавш и
ОО

F(x) =  ||х||2 =  Σ χ?1' х =  (χι/·■·/*«/·■·) € 2̂«· 
і=1

Легко бачити, щ о F є 2п-однорідним відокремлювальним поліномом.
В загальному випадку, нехай  (Ω, μ) — вимірний простір з м ірою  μ. На дійсном у про­

сторі І 2п(П, μ) поліном

F(x) =  ί (χ (ή )2ηάμ , x(t) Є £2η(Ω, μ),
J n

буде відокремлювальним 2п-однорідним поліномом.

Простір Со не допускає відокремлювального полінома. Це випливає з факту, доведе­
ного у [23], що кожен поліном на просторі Cq є  слабко секвенціально неперервним. Отже, 
якщо q є поліномом на просторі Cq таким, що q(0) =  0 та {ej}  є відповідним базисом на 
с0, тоді

inf \q{ej)\ =  0
/Є N  '

та q не може бути відокремлювальним поліномом.

Твердження 1.2 ([14]). Якщ о на просторі X існує відокрем лю вальний поліном q степеня 
m, то існує 2 ( т ! ) -однорідний невід'ємний відокрем лю вальнийполіном  d.

Ловедення. Нехай відокремлювальний поліном q має вигляд q =  qo +  q\ -f- . . .  qm, де qk — 
/с-однорідні поліноми та qo є константою в X. З умови 1 означення 1.3 випливає, що qo =  0. 
Визначимо поліном d наступним чином

d :=  ( ^ Н )  +  ( q t f W ' 2 +  (qm)2{m])/m.

Нескладно показати, що d є 2(ш!)-однорідним відокремлювальним поліномом на просто­
рі X. □

Скінчена сім'я поліномів { q i , q 2 ,- · · ,qn } на просторі X називається відокремлювальною 
сім'єю, якщо для кожного х Є X такого, що |\х\\ — 1, ми маємо

max {ql(x)} ^  1 .

Звичайно, якщо існує відокремлювальна сім'я поліномів {q\,q2, ■ ■ ■ ,qn}  на просторі X, 
то цей простір допускає відокремлювальний поліном. Насправді, розглянемо поліном 
q(x) =  ( q i + q i  +  ■■. +  qn)2, який, як легко бачити, буде відокремлювальним поліномом. 
Невідомою залишається відповідь на питання: чи допускає простір X відокремлюваль­
ний поліном степеня, що не перевищує m, якщо на ньому існує відокремлювальна сім'я 
поліномів, степені яких не перевищують ш?

Властивість мати відокремлювальний поліном є інваріантною відносно ізоморфізмів, 
тобто якщо ми маємо ізоморфізм між двома банаховими просторами, та один з цих про­
сторів допускає відокремлювальний поліном, тоді другий простір також допускає від­
окремлювальний поліном. Скінчений добуток просторів, які допускають відокремлю­
вальний поліном, також допускає відокремлювальний поліном. Також, якщо підпростір 
скінченої корозмірності допускає відокремлювальний поліном, то весь простір допускає 
відокремлювальний поліном.

З результатів доведених у праці [15] легко отримати теорему 3.1 наведену у праці [14], 
яку ми сформулюємо.

Теорема 1. Н ехай простір X є банаховим простором з симетричним базисом. Тоді насту­
пні умови є еквівалентними:

1) простір X допускає відокремлювальний поліном;

2) простір X є ізоморф ний д о  простору i 2k дл я  деякого  цілого k.

З означення відокремлювального полінома випливає, що дійсний поліном q : X —> R  
не є відокремлювальним, якщо q(x) задовольняє умову:

inf \q(x) -q (  0) 1 = 0. (2)
χ€Χ  ||χ||=1

Лема 1.1. Якщ о д і й с н и й  п о л і н о м  q(x) н е є відокремлювальним на кулі радіуса  1 в бана- 
ховому просторі X, то він не є відокремлювальним на кулі довільного радіуса r в X.

Твердження 1.3. Якщ о поліном р відокрем лювальний на X, то він додатно або від'ємно 
визначений на одиничній сф ері, тобто або р(х) > 0  дл я  всіх таких х Є X, щ о \ |х| | — 1, або  
р(х) < 0 для всіх таких x є  X, щ о \ |х| | =  1 .

Ловедення. Оскільки сфера є лінійно зв'язною множиною, а відокремлювальний поліном 
є неперервною функцією, то якщо би він змінював знак на сфері, то приймав би нульо­
ве значення в деякій її точці, що суперечить означенню відокремлювального полінома. 
Отже, р є знаковизначеним на сфері. □

З твердження 1.3 легко випливає наступне твердження, аналог якого доведений у пра­
ці [14].

Твердження 1.4. Якщ о поліном р відокремлювальний на X, то поліном рс, складений з 
однорідних компонент р парних степенів, також є відокремлювальним на X.

З твердження 1.4 випливає, що якщо р — відокремлювальний поліном на X, то ре ф 0, 
тобто р має ненульову парну однорідну компоненту.

Твердження 1.5. Якщ о поліном ре відокремлювальний на X, та додатний (від'ємний) на 
одиничній сф ері, то поліном ре+ (ре_), складений з однорідних компонент р невід'ємних 
(недодатних) парних степенів, також є відокремлювальним на X.

Наступний приклад, наведений у праці [4], показує, що існує банахів простір X з без­
умовним, але не симетричним базисом, який допускає неоднорідний відокремлювальний 
поліном, жодна однорідна компонента якого не є відокремлювальною. При цьому про­
стір X не ізоморфний до і 2п для довільного η Є N.

Теорема 2 ([4]). Нехай X є рівном ірно опуклим дійсним сепарабельним банаховим про­
стором із субсиметричним базисом. Нехай G є відкритою підмножиною в X. Н еперервні 
функції на G апроксимуються аналітичними функціями рівном ірно на всьому  G тоді і 
лиш е ТОДІ, КОЛИ простір X Є Ізоморфним ДО f-2n дл я  дея кого  η Є N.



Приклад 2. Нехай п,т  Є Ν , н > т. В якості X візьмемо пряму суму просторів ί 2 n та ^2 m з
ОО ОО

відповідними базисами та g .̂ Елемент цього простору має вигляд х — Ύ  a^k +  ^  b^gk,
k=1 fc=l

або (a\,b\, сі2, b2, ■■ ■)■ М ожна також вважати x  =  Х\ +  х2, якщ о Х\ —  проекщ я х на і 2п, а х2
—  проекція х на l 2m. Відповідно, норм у х визначаємо наступним чином

11*11 =  I N k  +  l l^ lk ,·

Нехай поліном Р визначається ф орм улою

0 0  ОО

Р(х) ■= Σ 4 η +  Σ  bk n =  I kill?,, + 11* 211 £  =  Pi(x) +  Ρι(χ).
k= 1 Jfc=l

Легко бачити, щ о P є відокремлювальним поліномом степеня 2п. Кожна з його однор і­
дних компонент Р\ та Р2 не відокремлювальні.

Д ля компоненти Р2 візьмемо такий елемент X Є X  з норм ою  одиниця, щ о він є то­
тожнім нулем на і 2т і \ \х\\е2п — 1· Тоді Р2(х) — 0, а, отже, поліном Р2 не є відокрем лю ­
вальним. Для компоненти Рі візьмемо такий X Є X  з норм ою  одиниця, щ о він є тотожнім 
нулем на i 2n і 11 х 11 і2т =  1. Тоді аналогічно Р\(х) =  0 і поліном Р\ також не є відокрем лю ­
вальним.

Базис {ek,gk} е  безумовним базисом в X, але не симетричним. Справді, якщ о X має 
симетричний базис, то за теоремою 2 простір X ізоморф ний д о  £р дл я  деякого  парного р. 
Оскільки X містить доповнювальну копію ί 2η, то і простір Ір має містити доповню вальну  
копію і 2п. Згідно з [20] це можливо тоді і лиш е тоді, коли  р =  2п. З аналогічних міркувань 
випливає, щ о р — 2т, але це суперечить припущенню.

Зауважимо, що аналогічно в якості X  можна взяти скінченну пряму суму просторів 
ί 2η. де щ ф пі для k φ І. В цьому випадку однорідні компоненти на І 2п, відокремлюваль- 
ного полінома на X  також не будуть відокремлювальними поліномами на X.

Лема 1.2. Якщ о поліном р відокрем лювальний на X та всі його однорідні компоненти 
невід'ємно визначені на X, то дл я  довільної послідовності {t/n}«eN елементів простору X 
з того, щ о р(уп) 0 при η  -> оо випливає, щ о у„ —> 0 при η  - *  оо.

Доведення.  Припустимо протилежне, тобто нехай існує така послідовність {t/,i}neN еле­
ментів простору X , що р(уп) —» 0, але уп не прямує до 0. Переходячи до підпослідовності, 
можемо вважати, що існує таке дійсне число ε Є (0 ,1 ), що | \уп \ \ >  ε для всіх п. Розгляне­
мо ПОСЛІДОВНІСТЬ {ζ „ }„ €]Ν елемеНТІВ ОДИНИЧНОЇ Сф ери, Визначену уМОВОЮ Z„ =  jj^ji для
всіх п. Тоді

1 1  1
р М  =  Е ц ^ | ] ї к Р * ( У " ) ^ при η -* ™ ,

де  m — степінь полінома р, а р̂  — його однорідна компонента степеня k. Це суперечить 
тому, що р відокремлювальний поліном, отже, наше припущення не вірне. □

Наведемо приклад відокремлювального полінома, який змінює знак в середині кулі.

Приклад 3. Нехай X =  ί 2. Д ля х =  Σ /c e k x k  Є 2̂ розглянем о поліном р(х) =  Υ^2χ4 — х2.
k

Легко бачити, щ о р — відокремлювальний поліном та р( 1) =  1. Оскільки х4 прямує д о  
нуля ш видше, ніж  х2, то існують сф ери менш ого радіусу (що не перевищують -^д), на 
яких р є нульовим та від'ємним.

Теорема 3. Якщ о F : X —> У поліноміальний автоморфізм (поліноміальне бієктивне ві­
дображ ення таке, щ о  F ' 1 — поліном та F(0) =  0), р : У —>■ R відокрем лювальний поліном  
та всі його однорідні компоненти невід'ємно визначені на Y, тоді p(F) : X -> R буде  
відокремлювальним поліномом.

Доведення. Відомо, що композиція поліноміальних відображень є поліноміальним відо­
браженням, тому p(F) є поліномом. Крім того, р (F)(0) =  0. Припустимо, що p(F) не є 
відокремлювальним поліномом. Тоді існує така послідовність {х„ } елементів одиничної 
сфери в X, що p(F( {xn})) -¥ 0 при η —у оо. Нехай F( {xn}) =  {у„}. Оскільки р задо­
вольняє умови леми 1.2, то { уп } —* 0. Оскільки F : X —> У поліноміальний автоморфізм, 
то F - 1 {yn} =  і хп } -*■ 0, що суперечить вибору {х,,}. Отже, p(F) — відокремлювальний 
поліном. □

Наступна теорема узагальнює приклад 1.

Теорема 4 ([12]). Нехай  1 < p, q < +оо. Тоді наступні твердження є еквівалентними.

1. Простір X =  ( 0 “=і t q ) e p допускає відокремлювальний поліном.

2. Обидва p і q є парними цілими, та р є кратне q.

Теорема 5 ([12]). Для  1 < p, q <  +оо розглянем о простір U(L^). Тоді наступні тверджен­
ня є еквівалентними.

1. Простір LP(U) допускає відокремлювальний поліном.

2. Обидва p і q є парними цілими, та р є кратне q.

1.2 Слабко поліноміальна топологія і відокремлювальні поліноми.

Визначимо слабко поліноміальну топологію на дійсному банаховому просторі X як най- 
слабшу топологію Wp, відносно якої всі неперервні поліноми на X зі значеннями в полі R  
є неперервними. Ця топологія породжується прообразами відкритих множин з R  полі­
номіальних функціоналів на X. Базу цієї топології утворюють околи точок Хо Є X, кожен 
з яких залежить від скінченного набору поліномів р і , . . . , р п і додатних чисел £\,. . .  ,ε„ та 
має вигляд:

Щхо )рі"*р« =  { х  є  X : ІРі(*) -  Ρι(*ο)| <  ε ν . . . , \ ρ η(χ) -  р„(х  0)| <  £„}■ (3)

Напрямленість (ха) збігається у топологій Wp до хо Є X тоді (і тільки тоді), коли р(ха ) 
р(хо) для кожного р Є V(X).

Теорема 6 ([2]). Слабко поліноміальна топологія на дійсному просторі X співпадає з то­
пологією  норм и тоді і тільки тоді, коли на X існує відокремлювальний поліном.



Зауважимо, що оскільки неперервні поліноми розділяють точки простору X, то слаб­
ко поліноміальна топологія є гаусдорфовою. Тому, за теоремою Стоуна-Вейєрштраса 
(див. [7, Теорема 3.2.21]), кожна Wp-неперервна функція на X наближається полінома­
ми рівномірно на компактах у топології Юр. У випадку, коли X допускає відокремлю­
вальний поліном, Шр-компакти є компактами в (X, || · ||) і мають порожню внутрішність, 
якщо dim X = оо. Проте, саме в цьому випадку (теорема Курцвейля) кожна рівномір­
но неперервна функція на X апроксимується аналітичними функціями рівномірно на 
всьому просторі. Можливий інший крайній випадок, коли слабко поліноміальна топо­
логія співпадає зі слабкою топологією на обмежених множинах. Тоді замкнена куля в 
Βχ Є X є ΐϋρ-відносно компактним простором і теорема Стоуна-Вейєрштраса гарантує, 
що кожна * -слабко неперервна функція на Вхп апроксимується поліномами рівномір­
но на Βχ. Проте і в цьому випадку може трапитись, що X допускає рівномірно аналіти­
чну відокремлювальну функцію (як наприклад X =  со) і кожна рівномірно неперервна 
функція апроксимується аналітичними рівномірно на X [9]. З іншого боку існує багато 
просторів (як наприклад І р для непарних р), для яких Wp є строго сильнішою за слабку 
топологію на обмежених множинах і строго слабшою за топологію норми і в яких не ко­
жна неперервна функція наближається аналітичними на X. Ці приклади показують, що 
апроксимація аналітичними функціями суттєво відрізняється від поліноміальної апро­
ксимації і умови існування такої апроксимації суттєво відрізняються від умов теореми 
Стоуна-Вейєрштраса.

Добре відомо, що у нескінченновимірному банаховому просторі одинична сфера є 
щільною в одиничній кулі у слабкій топології. Наступна теорема показує, що при певних 
умовах Wp має таку ж властивість.

Теорема 7 ([2]). Нехай X — нескінченновимірний дійсний банахів простір. Одинична 
сф ера Sx є щ ільною  в одиничній кулі Βχ у  слабко поліноміальній топології тоді і тільки 
тоді, коли X не допускає відокрем лю вального полінома.

2  Р і в н о м і р н о  а н а л і т и ч н і  і в і д о к р е м л ю в а л ь н і  ф у н к ц і ї

У праці [9] введені в розгляд рівномірно аналітичні і відокремлювальні функції на 
банахових просторах.

Означення 2.1. Нехай X є дійсним нормованим простором. Будемо говорити, щ о дійсна 
функція d, визначена на X, є рівномірно аналітичною і відокрем лю вальною , якщ о вона 
задовольняє наступні умови:

1) d є дійсною  аналітичною функцією на X з радіусом  збіжності R x̂ в кож ній точці 
х Є X більшим або рівним за Rj дл я  деякого  R j > 0;

2) існує таке а Є 1R, щ о множина {х Є X : d(x) < а } є неп орож ньою  та лежить у  
відкритій одиничній кулі В.

З умови 2) випливає, що існує таке Хо Є X, що d(xо) =  β < a. Враховуючи аналіти- 
чність, з умови 2) випливає, що існує таке <х Є 1R, що множина { х є Х  : d(x) > а }  не 
належить одиничній кулі В.

Теорема 8. Нехай X є сепарабельним дійсним банаховим простором. На просторі X існує 
рівномірно аналітична і відокремлювальна функція, якщ о виконується одна з наступних 
умов:

1) на просторі X існує відокрем лювальний поліном;

2) простір X є замкненим підпростором в c q .

Ловедення. 1) Нехай на просторі X існує відокремлювальний п о л і н о м  Р. Т о д і  на X, згідно 
з твердженням 1.2, існує невід'ємний однорідний відокремлювальний поліном d. Радіус 
збіжності d =  оо, отже умова 1 означення 2.1 виконується. Зафіксуємо а =  1. Тоді для всіх 
х Є X , |х| <  1, d(x) лежить у відкритій одиничній кулі В. Таким чином умова 2 означення
2.1 виконується. Тому d є рівномірно аналітичною і відокремлювальною функцією.

2) В [13] показано, що наступна аналітична функція

2 η
d({Xn)nebs) ·— У .  (%п)

n= 1

для довільного (хи)иєм Є Со задає аналітичну норму на c q . Легко бачити, що 11 ■ | |оо-радіус 
збіжності d в кожній точці х„ Є Со дорівнює одиниці (наприклад, див. [21, приклад 5.5]). 
Також зауважимо, що d є відокремлювальною функцією, а саме:

0 Є {(х„)„єn  £ Co, : d((x„)neN) < 1} С ВСо.

Оскільки довільний підпростір в Со характеризується існуванням нормуючої * -слабко 
збіжної до нуля послідовності на одиничній кулі спряженого простору, то таким самим 
методом, як в со, отримаємо функцію, яка є рівномірно аналітичною і відокремлюваль­
ною. □

Зрозуміло, що умови існування рівномірно аналітичної і відокремлювальної функції 
успадковуються скінченими прямими сумами просторів. За відповідних обставин мо­
жна також перейти до нескінченних прямих сум. Наприклад, припустимо, що всі чле­
ни послідовності банахових просторів (Х„, || · ||„)„е Ν допускають рівномірно аналіти­
чні і відокремлювальні функції (dn)ne ц з радіусами збіжності (Rn)ne n - Припустимо, що 
Rti :=  inf R„ > 0 і що існує така послідовність додатних цілих чисел (an)nejn, щопЄ 1N

sup sup |^|й" < 1  та sup diam ґ ( (—оо, 1 )) J < +оо,
”G N v ( ^ )  "6 N

де ά*~ є комплексифікацією для dn. Отже, для X :=  (®“=1Х„)Со

( ОО \ оо
(J)Xn j d((xn)n€ jsj) :=  22 dn(xn)2nan

η= 1 / c0 η= 1

d є рівномірно аналітичною і відокремлювальною функцією. Тому, наприклад,

(с0 Ф Ф ~=і4 «)Со

допускає рівномірно аналітичну і відокремлювальну функцію.



Оскільки повна класифікація просторів, що допускають рівномірно аналітичну і від- 
окремлювальну функцію, є доволі складним завданням, то спробуємо її отримати для 
окремих випадків, коли, наприклад, Cq^AX або £рс/+Х  для кожного парного р.

Перший випадок приводить до просторів з відокремлювальними поліномами [10]. 
Дослідимо другий випадок.

Теорема 9 ([9]). Нехай X є банаховим простором, на яком у існує рівномірно аналітична і 
відокрем лювальна функція. Припустимо, щ о всі скалярні поліноми на X відображають 
слабко збіжні д о  нуля послідовності в збіжні д о  нуля послідовності. Тоді X є ізоморфним  
ДО підпростору В С().

За результатами [22, 24] простори з властивістю Дамфорда-Петіса (зокрема, всі про­
стори неперервних на компакті К функції С(К) і всі підпростори в Со) задовольняють 
згадану вище умову секвенціальної неперервності поліномів.

Зауваження 2.1. Можна показати [16], щ о якщ о замінити припущення рівном ірно ана­
літичної і відокрем лю вальної ф ункції в теоремі 9 на існування рівномірно аналітичної і 
відокрем лю вальної ф ункції на відкритій обмеж еній підмножині в X, то звідси виплива­
тиме, щ о X є сепарабельним поліедральним простором.

Пригадаємо результат [19], який стверджує, що кожен С(К) простір, який ізомор­
фний ДО підпростору В Со, є Ізоморфний ДО Со-

Наслідок 2.1. Нехай X є банаховим простором, який ізом орф ний д о  С(К) і допускає р ів ­
номірно аналітичну і відокрем лю вальну функцію. Тоді X є ізоморф ним д о  Cq.

Зауваження 2 .2 . Ц ей наслідок можна порівняти з [11], д е  показано, щ о кож ен  сепара- 
бельнийполіедральний банаховий простір (наприклад С(К), д е К є  тотально не зв'язний) 
допускає відокрем лю вальну аналітичну опуклу функцію, визначену на деякій  обм еж е­
ній опуклій множині.

Теорема 10. Нехай X та Υ дійсні банахові простори, f  : Y - *  R  є рівном ірно аналітичною
і відокрем лю вальною  функцією такою, щ о  /(0) = 0 , g : X —У Y — лінійне відображ ення, 
щ о не зменшує норму. Тоді композиція f  о g : X —>■ R  є рівном ірно аналітичною і від­
окрем лювальною  функцією.

Доведення. Позначимо f o g  через g. Функція g буде аналітичною як композиція двох ана­
літичних функцій. Перевіримо, що вона задовольняє умови означення 2.1.

1. Нехай х — довільна точка простору X. Для норми k-тої компоненти gk =  fk(g)  
розкладу функції g в ряд в околі точки х, ми маємо оцінку

ІІЛ (? )І І« І ІЛ ІІ І І# .

де fk — k-та компонента розкладу функції g в околі точки g(x).  Нехай радіус збіжності 
R/  в кожній точці у Є У є не меншим, ніж R/(0). Оцінимо, радіус збіжності Rgx функції 
g  в точці х :

=limsup||#t||t =  limsup (!|/fc||||g||fc)  * =  ||g|| limsup (||/fc||)* =  - M - .
K gx  OO k -»  oo 4 k ->  oo fg (x )

Отже,

> 3 -І.. > о 
11*11 n i s l l

2. Оскільки / є рівномірно аналітичною і відокремлювальною функцією, то існує таке 
число оі Є R, що { у  Є У : f ( y )  <  a.} С By. Нехай x Є X та g(x )  <  a.  Тоді f ( g ( x ) )  <  ос
і тому g (x) Є By. Оскільки відображення g  не зменшує норму, то х Є Βχ. Крім того, 
оскільки g  — лінійне відображення, то g(0)  =  0 і тому g(0) =  f ( g ( 0)) =  /(0) = 0. □

Твердження 2.1. Розглянемо ЛІНІЙНИЙ простір X =  xi 2k, який є нескінченною пря­
м ою сумою просторів i 2k- Якщ о на X задати £р норм у за ф орм улою

I W I = ( D M U  ' x = (xk) e x ,  (4)

то дл я  непарного р >  0 простір X з такою норм ою  не буде допускати ні відокрем люваль- 
ного полінома, ні рівном ірно аналітичної і відокрем лю вальної функції.

Доведення. Нехай Хо — підпростір в X, який складається з елементів вигляду х =  Ŷ Xk, 
де k є  N , Хк Є 12k, Хк =  (ак> 0 , . . . ,  0 ,. . .) .  Тоді для довільного х Є Хо за умовою | |х| | =  
( Σ \ак\р) 1/Р ■ Тому Хо є ізоморфним до £р. Оскільки на £р для непарного р не існує від- 
окремлювального полінома, то такого полінома не існує і на X. І оскільки на £р для не­
парного р не існує рівномірно аналітичної і відокремлювальної функції (бо інакше, за [9, 
Теорема 1] норма простору £р апроксимувалась би аналітичними функціями, що не так 
[17, ст. 227], то такої функції не існує і на X. □
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I n t r o d u c t i o n

Let L be the class of all positive non-decreasing unbounded continuously differentiable on 
[0, +oo) functions v such that rv'(r)/v(r) -> 0 as 0 <  r0 <  r - )  + 00. It is known (see [1, 
p. 15]) that the class L coincides with the class of slowly increasing functions accurate to the 
equivalent functions. By Η0(υ), v Є L, we denote the class of entire functions / of zero order
for which 0 < Δ =  Hm n(r)/v(r) < + 00. Without loss of generality we assume that /(0) =  1.

r-++oo
We will say that zeros of function/ Є H0(v), u e L ,  have an angular v- density, if the limit

.. n(r, Οί,β)
Δ(α, β) =  lim ------r- —

4 r  r- > + 00 v [ r )

exists for all a. and β, that do not belong to some no more than countable set from [0, 2 π]. 
Here n{r,DL,\3) is the number of zeros an of the function /, which lie in the sector {z : |z| < r, 
a < argz < β},  0 < a. < β < 2n.

f'(z)We also denote by F(z) =  z -jH r  the logarithmic derivative of /, by £η the family of all
J \z[__

measurable sets G C IR+ such that lim mes(G Π [0, r]) /r < η, 0 < η < 1.
r—

Theorem ( [ 2 ] ) .  Let v Є L, f  Є H0(v) and zeros o f  the function f  have angular v-density. Then 
there exists a set G Є £,, such that, for arbitrary p Є [1, +oo),

F(rew) — n(r)
v (r )

—у 0, r -> + 00, r £ G.
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The converse statement is false. The question is under which conditions for / Є Hq(v) 
from the convergence in I/[0,2 π] -metric of the function F the existence of angular u-density 
of zeros of / will follow. We note [3], that in the case of an entire function / of non integer 
order p >  0 the existence of angular density of its zeros is equivalent to the following

F(rew)
rP(r) 8(9) —у 0, t  —у +oo, t  (£. G, G Є £ η ,

where p Є [1, +oo), g e  І г[0,27г], p(r) is the proximate order of /, p(r) —>· p ,r  —> +oo.
In this paper we will point out the subclass of entire function / from the class Hq( v), for 

which the existence of angular u-density of zeros of the function / will be equivalent to the 
convergence of the logarithmic derivative F in LP[0 ,2ζτ]-metric.

1 M ain  results

Let us denote by Tm —  (J {z:  argz =  ΘΛ —  |j lg . ,  — η  < θ\ <  0 2 < ■ ■ ■  <  0 m <  π, the
j=1 7=1 1

finite system of rays, by n{r, 0 j ' , f )  =  n (r, 0 j ) the number of zeros of /  Є H q( v )  lying on the 
ray lg. =  {z:  argz =  0 j }  and modules of which do not exceed r. Let h j ( 0 )  =  (θ — π — 0 j ) ,  

0j  < Θ < 6j  + 271, and h j ( 0 ) be its periodic continuation from (9 j , 0j  +  2π)  on R, j  — 1, m. For 
v Є L we set

r
v(t)

-w  =  / t
-dt.

It is easy to see that v Є L and v(r) =  o(v(r)) as r —> +oo.

Theorem 1. Letv  є  L, f  є  Hq(v). Suppose that zeros o f  the function f  lie on the finite system 
o f  rays Tm and for each j  =  1 , m, Δ/ > 0

n(r,0j) =  Ajv(r)+o(v(r)) ,  r -> -boo.

Then

(1)

F(re‘e) — n(r) 
v(r)

F(rew) — Av(r)
t>(r )

ІН,(в) (2)

m   m
w here Hf(0) =  Σ  kjhj(0),  A =  Σ  Aj.

/ = 1  7 = 1

Theorem 2. Let G Є L1 [0,2π], υ Є L, f  Є H q ( v ) .  Suppose that zeros o f  the function f  lie on 
the finite system o f  rays Tm and

F(rew) — n(r)
W )

-  iG{0) (3)

2 π
Then zeros o f  the function f  have an angular υ-density, m oreover f  G(0)d0 =  0.

o

2 A dditional results

To prove Theorems 1, 2 we will use the following results, which we formulate as lemmas.

Lemma 1 ([1]). Letv  Є L. Then fo rk  Є N
+ 00

rk J  dt =  \ v (r ) +  ° ( v (r )) '  r  + ° ° '
Г

r

f  p ^ d t  =  ^ v ( r ) + o ( v ( r ) ) ,  r - > +  OO.r~k

Lemma 2. Letv  Є L, e(t) be a function, locally integrable on [1, +oo), and  ε(ί) —» 0 as t —> +oo. 
Then for k Є N

”° e ( t ) v ( t )
-+-00

Jk
J  - - μ.- /  dt =  ° ( v i.r ) ) ’ r  ->· + 00'
r

J  dt =  0 (v (r ^ f r _4 +00-

The proof of this lemma follows from applying L'Hopital's rule.
Let Cjt(r, Ф), k Є Z , be the Fourier coefficients of function Ф(ге,е) as a function of 0, that is

і 2я
ck{r' Ф) =  z— f  Ф{гегв)е~ікв, r > 0.

2 тг 0

Lemma 3. Lei v Є L, f  Є Hq(v), zeros o f  the function f  lie on the finite system o f  rays Tm and 
(1) holds. Then there exists vq >  0 such that fo rk  Є Z  \ {0 } the relations

ck(r,F) — —~-v(r)  +  o(v(r)), r у + 00,

2Δ ~
\ck(r,F)\ <  щ д ( г ) ,  r > r 0, A > 0 , A k > 0 ,

hold.
m

Proof. Since nk(r )=  Σ  e 1 >n(r, 0j), owing to (1 ) we have
)=і

nk(r) =  Akv(r) +  o(v(r)), r -> + 00,

іквіLi/e
/=1

From formulas for calculating the coefficients ck(r,F) [2, Lemma 3] and the last identity, 
using Lemma 2, we obtain

where Ak =  Σ  &je

+°° . . +0O +0O
ck(r, F) =  nk(r) - krk J  ^ ~ ^ d t =  Akv(r) +  o (v (r ))  -  kAkrk J  ^ d t  -  krk J dttk+1

. -f-00__ \ -f-oo__

Afci;(r) -  kAkrk +  l  J  р т Л  J +  o(v(r)) =  -~Akrk J  ^ d t  +  o(u(r)), k e  N,



as r —> + 00.
Similarly, for k Є Z, k <  0,

c*(r,F) = Д*г* j  jj^dt + o(v(r)), r->+oo.

From this and Lemma 1 we have

Ck(r,F)------- γ υ ( τ ) ,  r ->  +  oo,

|cjfc(r,F)| < щ Ц г ) ,  r > r0.

3 Proof of the main results

Proof o f Theorem 1. We set

□

1 » 2F  1  ”
h : = c t (Hf ) =  —  ' £ A j J h , ( e ) e - * < lde =  — '£ A l j  h

j- 1 0 j - 1 ΘI
h i ( e ) e - ikede

;=i

, k φ  0,

[0, fc =  0.

(4)

Therefore |bfc| < “ , k φ  0. Since, by Lemma 3, |c*(r,F)| < ^ u ( r ) ,  the sequence |/c| |/c|
Cfci^F)

u(r)
%  I belongs to the space Ц with cj > \,r > Tq. We have

Jk^O

ck(r,F(z) - n ( r ) )  = c k(r,F) for к ф  0. 

Thus by Hausdorff-Young theorem [4, p. 153] for p > 2, — +  -  =  1,

F(rel9) — n(r)
v(r)

-  і н , т < Σ
I MO

Cfc(r/F)
v(r)

-  ibi

Since the resulting series is uniformly convergent for all r > ro, by making the limiting 
transition as r -» +oo in the last inequality and owing to Lemma 3 and identity (4) we obtain

F(re‘e ) — n(r)
ф Г ^ - ' Н /W 0, r ->· +oo,

for p > 2. By Holder's inequality || · ||p < || · ||г for 1 < /? < 2, that is (2) is also valid for 
1 < p < 2. The Theorem 1 is proved. □

Proof o f Theorem 2. Let us denote by gk the Fourier coefficients of function G, namely gk =  
Cfc(G). Then, by (3), we obtain

ck{ r , F ) - n { r )
v ( r ) 4k

ck(rrF - n ( r ) )
v(r) lSk

2n
1  f (

2 n J  1
0

1 f  f  F{relθ) — n(r)
f(r)

iG(6)\ e~ikede

2ττ 

< - f  ~ 2 n J
F(rel9) — n(r)

v(r) — iG(0) άθ <
F{reicP) -  n(r)

v{r) -  iG{Q) 0,

as r + 00. Since Co(r, F) =  n(r) from the last relation we find go — 0, that is
2n
J  G(0)d0 =  0.

For k φ  0 owing to lk(r) :=  ck{r, In/) =  f  we obtain
o t

< f  ck( t ,F ) / t d t
ck( r ,F )  o ck(r, In f )Igk =  lim =  lim — --------------=  lim .

r—»+oo V ( r )  r-»+ o o  r r-»+ oo  ( r )
f  v{t)/tdt

By identities (see, for instance, [5, Lemma 1])
+°o , +<*

r 7—1 r

n (r,0;·)
ffc+1 df, k =  \,m,

we have the linear system of equations with respect to the quantities n(r, 9j), j  — 1 , m,

(5)

Since

we have

I I I

Σ  e~ іn(r , Of) =  rl[(r)  -  h ( r ) ,
i= 1 
m
L e - t2Bm ( r l 0j ) =  rl ,2( r ) - 2 1 2(r)f 

)=1

Σ  Є imein{r,0j) =  rVm{r) -  mlm{r).
U=i

 ̂ ίβΐ it-2
ρ—ί2θ\ ρ—ί2θ2 £—ί2θ„

g —im9\ е ~ітв2 ζ-ίηιθ,,

Φ 0,

« Μ ; )  =  Σ  bkj(Mk(r) -  K i r )) =  £  bkj(klk(r) -  cjt(r,F)), 
fc=l fc=l

where bkj Є C. Taking into consideration (5) and the last identities we obtain for j  =  I, m
m m

n(r,0j) =  (1 +  o (l))i X] bkj(kgkv(r) -  gkv(r)) =  і Σ  bkjkgkv(r) +  o(u(r)) 
fc=l fc=l

=  д;-у(г) +  o(u(r)), r - > + 00.
Hence, zeros of the function / have an angular ^-density. □



Remark. By the conditions o f  Theorem 2 it is easy to verify that G(9) =  Hf{9) for alm ost all 
Θ Є [0 ,2 7 г ].
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ON ESTIMATES FOR THE JACOBI TRANSFORM IN THE SPACE LP(R+, J a^(x)dx)

For the Jacobi transform in the space L ? (R + , Ja’P (x)dx) we prove the estimates in some classes 
of functions, characterized by a generalized m odulus of continuity.
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1 In troduction  a n d  P relim inaries 

The main aim of this paper is to generalize the Theorem 1 in [3].
Let a > Ξγ, cc > β > and J a,P(x) :=  (2 sinh x)2a+1 (2 cosh x)2^+1 for x Є 1R+. We define 

LK « (R + ) :=  Щ К +,Г*(*)<ІХ)Л < p <  2, as the Banach space of measurable functions f (x )  
on 1R+ with the finite norm

ll/ll,,(«л =  Ц +°° l / W I 'T A * ) * ) '  ■

Let

Da'P:= +  ((2a +  1 ) c ° s x + ( 2£ +  i ) t g x ) ^

be the Jacobi differential operator and denote by (x), Л Є C, x Є 1R+, the Jacobi function 
of order (a., β). The function (x) satisfies the differential equation

(&α,β +  A2 + 1ο2)φ^/β) (x) =  0,

where p =  a +  β +  1 .

Lemma 1.1. Let a > β > ^γ,α. Φ p =  a. +  β +  1, and let Xo > 0. Then for \η\ < p there 
exists a positive constant C\ =  Ci (α, β, Xo) such that

Iі  -  Ψμ+1(χ)\ ^ Сг \1 -  ]α(μχ)\,

for all 0 <  x < Xo and μ Є TR, w here ja (x) is a norm alized Bessel function o f  the first kind.

Proof. (See [2], Lemma 9). □
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In if, ,,, (R +) consider the Jacobi generalized translation 7)h
n-\-oo

Thf(x) =  yo / (z)/Ca,|S {Xf K z)Ja,P {z)dz,

where the kernel JCa^ is explicitly known (see [5]).
The Jacobi transform is defined by formula

7 (д) =  J Q / (χ )φ (χ'β\ χ ) Γ β{χ)άχ.

The inversion formula is

/(*) =  ^ J Q Ά λ )Ψλ'β] i x ) M V ,

where άμ{Λ) :=| C(A) |-2  άλ  and the C-function C(A) is defined by

с ш  =  2РГ(ІЛ)Г(^(1 +  ІЛ))
Г(1(р +  ІА))Г(1(р +  І Л ) - й '

We have the Young inequality
ll/ll,,W» < K||/||P,W ), (l)

where і  +  1 =  1 and K is positive constant.
We note the important property of the Jacobi transform: if / Є LPa ^ (R +), then

D^7(A) = -(A 2 +p2)/(A). (2)

The following relation connects the Jacobi generalized translation and the Jacobi transform:

W ( A ) = « i 'W(ft)/(A). (3)

The finite differences of the first and higher orders are defined as follows:

Δ»/Μ = Thf(x)-f(x) = (T„ -  I)f(x), 
where I is the identity operator in ^  (]R+ ) and

Af,/(x) = Δ,(Δ£-7 (χ)) = (T„ - 1 )kf(x) = )П/(х), (4)
i= 0

where = f ix ) ,  r hf ( x )  =  T h i T ^ f i x ) ) ,  і =  1 ,2 ........k and k =  1 , 2, . . . .
The fc-th order generalized modulus of continuity of a function / Є ^  (R +) is defined

by
f W ,£ )  =  sup l lA j/ l l^ ) ,  <5>0.

0<h<S

Let Wp'^(Da/̂ ) denote the class of functions / Є ^  (R +) that have generalized derivatives
in the sense of Levi (see [4]) satisfying the estimate

n k K f f . S )  =  0 ( φ  (i*)), S - > 0 ;

i.e.,

W ^ (D ^ ) :=  {/ Є LPM (R +) : D ^ f  Є L ^ }(R +) and Clk( D ^ f , 5 )  =  0(cp(Sk))r δ -> 0},

where φ(χ) is any nonnegative function given on [0, oo), and D°a^ f  =  /, D ^ /  =  DK̂ (Dr~}f);  
r =  1 , 2, . . .

2 Main  Results 

In this section we estimate the integral
/•OO _

\Ηλ)\4μ(λ)
J N

in certain classes of functions in ^  (R +).

Lemma 2.1. Let a. > β > ^ ,oc  Φ =£-, p =  a +  β +  I, and let f  Є L ^ ^ (R +). Then

j T V + Λ η ι  -

where 1  < p < 2 and η such that і  +  1  =  1 .

Proo/. From formula (2) we obtain

D i/ (A ) =  ( - l ) '( A 2 +  p2r/(A ); r =  0 , l , . . .  (5)

We use the formulas (3) and (5) and conclude

4 ^ f W  =  (-iY(<p{! A w y ^ 2 + p 2)rf W ·  i < < < * ·  (β)

From the definition of finite difference (4) and formula (6) the image A^D^f(x)  under the 
Jacobi transform has the form

t f p Q m  =  ( - i r  -  d ‘ (a2+ p2)7 (a).

Now by the inequality (1) we have the result. □

Theorem 1. Let α > β > =^,α. φ =£, p =  a +  β +  1 and let f  Є W ^ D ^ ) .  Then

SUP (  L  | / W № ( A ) V = o ( n  2> ( ( i ; ) * ) )  
W'A(D..e)KN '

where r =  0, 1 , 2 , . . k — 1 , 2, . . c > 0 is a fixed constant, and cp(t) is any nonnegative 
function defined on the interval [0, oo).

Proo/. In the terms of ; a(x), for the normalized Bessel function of the first kind we have (see
[1 ])

l-/ « (x )  =  O (l), x > 1, (7)
1 -/ « (*) =  0 (x2), 0 < x < 1 , (8)

VhxJu(hx) =  0 (1 ), frx > 0, (9)

where Ja {x) is Bessel function of the first kind, and

Ш  = (10)
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Let / Є Wpkv (Da/jg). By the Holder inequality and Lemma 1.1, we have

Г ° °  ^  Г ° °  ^  / o o

/ l/ (A ) |4 ‘ (A) -  / ,«(Aft)|/(A)|% (A) =  /  (1 -;„(A /i))|/(A )|% (A )
■'Л/ JN УДГ

=  / “ ( l-/ .(A ft))  (|/(A)| I C(A) | i ) , rfA 

=  / ” (1 - ;« ( A 4 )  (|/(A)| I C(A) | f ) - '  (|/(A)| I C(А) | т ) ^ л

<

q<c-l j

£  (/ “ l/(A)№(A)) ' Ц -  *
f/Дс— 1

(/„”  ' ( / J V  +/>2Г ,+Г ,|1 -  ^-«(A JI^I/iA JI’ ^ iA )

(N'2 +  p2) t : f  r00
Cl

In view of Lemma 2.1, we conclude that

t/fc-l i 

/ ”  l / ( A ) № ( A ) )  ’  ( / “ (А2 + Р 2)1П1 -  ? < * Л й ) І ’ ‘ і / ( А ) № ( А ) )  *  ·

/•oo . .

yw (A2 +  p2n  1 -  (А)|»‘ |/(А)№ (A) < Κ Ί Ι Δ Ϊ σ ^ / Μ Ι Ι ^ .

Therefore
/•OO ^ pco
I l/(A )№ (A ) < /  ;„(Λ*)|/(λ)|*«ψ(Α)./N

/ j/ ( A ) № ( A ) )  ’ ||A*D^/(*)||j(>w.Ci

From formulas (9) and (10), we have jK(Ah) =  0((Λ/ζ)~α~ζ). Then
/••OO ^

/ \/(λ)\4μ(λ)
JN

= O ^/ ” (АЦ-«-і|/(А)№(А) + Ν-Ϋ (/ “ |/(A)№(A)) ^  K d^/ mu ' W)

= О і / “ |/(Α)|»ψ(λ) + N-l (/ “ |/(A)|%(A)) ^||δ£D ^/(x)||^

or
qk—1

(1 -  (МЛ)— i) / “ |/(A)|’^(A) = О(ЛГЇ) (/ “ \Τ(λ)\4μ(λή ' \\Ак„ІУ̂ /(х)\\ ' W).

Choose a constant c such that the number 1  -  c~a - 2 is positive. Setting h =  c/N in the last 
inequality, we obtain

j T  |/(A)|4 <(A) = 0 ( N - T )  ( j T  |/(Α)Ι’Ψ(Α)) * «ρϊ ( (^ ) l).

O n  e s t i m a t e s  f o r  t h e  J a c o b i  t r a n s f o r m  i n  t h e  s p a c e  i/(IR+, J a^ (x ) ( f ;t ) 219

Then
j T  |/(A)|%(A) =  ( ( £ ) * ) ) ,

which completes the proof. □

Corollary 2.1. Let a. > β > =j-,p =  « +  /3 +  1, (p(t) =  tv ,v  > 0, and let f  Є W ^x(Da^).
Then і

/  /‘OO _  \  а  _

as N -^ oo,
/•OO \ (7

yw |/(A)|V (̂A)J = 0 (N~2 v)

where I < p < 2  and q such that  ̂+  1  =  1 .
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ON THE MULTIPLICATIVE ORDER OF ELEMENTS IN WIEDEMANN'S TOWERS OF 
FINITE FIELDS

We consider recursive binary finite field extensions £ ,+ j =  E ,(x i+ ]), і >  — 1, defined by 
D. W iedemann. The main object of the paper is to give som e proper divisors of the Ferm at num bers 
N, that are not equal to the multiplicative order O (xj).

Key words and phrases: finite field, multiplicative order, W iedem ann's tower.

Lviv Polytechnic National University, 12 Bandera str., 79013, Lviv, Ukraine 
E-mail: rom bp07@ gm ail.com

I n t r o d u c t i o n

High order elements are often needed in several applications that use finite fields [8, 9]. 
Ideally we want to have a possibility to obtain a primitive element for any finite field. However, 
if we have no the factorization of the order of finite field multiplicative group, it is not known 
how to reach the goal. That is why one considers less ambitious question: to find an element 
with provable high order. It is sufficient in this case to obtain a lower bound on the order. 
The problem is considered both for general and for special finite fields. We use Fq to denote 
finite field with q elements. Gao [5] gave an algorithm constructing high order elements for 
many (conjecturally all) general extensions iy> of finite field Fq with lower bound on the order 
exp(Q((log m)2/  log log m)). Voloch [13] proposed a method which constructs an element of 
order at least exp ((log m)2) in finite fields from elliptic curves.

For special finite fields, it is possible to construct elements which can be proved to have 
much higher orders. Extensions connected with a notion of Gauss period are considered in 
[1,11]. The lower bound on the order equals to exp(Q(4/m)). Extensions based on Kummer 
polynomials are of the form Fq [x] / (xm — a) [2,3]. It is shown in [3] how to construct high order 
elements in such extensions with the condition q =  1 (mod m). The lower bound exp (Ω (m)) is 
obtained in this case. The condition q =  1 (mod m) for extensions based on Kummer polyno­
mials is removed in [12 ].

Another less ambitious, but supposedly more important question, is to find primitive ele­
ments for a class of special finite fields. A polynomial algorithm that finds a primitive element 
in finite field of small characteristic is described in [6]. However, the algorithm relies on two 
unproved assumptions and is not supported by any computational example. Our paper can 
be considered as a step towards this direction. We give some restrictions and as a consequence

УДК 512.624
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01.01.2015 - 31.12.2017, financially supported by the Ministry of Education and Science of Ukraine.
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a lower bound on multiplicative order of some elements in binary recursive extensions of fi­
nite fields defined by Wiedemann [14]. The paper concerns with the open question posed by 
Wiedemann [10, problem 28]. Voloch [13] gave the first nontrivial estimate for the order of 
elements in this construction, namely exp(22'0), where δ is an absolute constant. However, the 
constant is unknown. Our bound does not depend on any unknown constant.

More precisely, we consider the following finite fields defined by Wiedemann that are con­
structed recursively:

X -\ — 1, £ _ i  =  Ег (Х- і)  =  F2f 

for і > —1 , Ei+1 =  E,(x,-+1 ), where x/+i satisfies the equation

xj+1 +  Хі+ і Хі +  1 = 0. (1 )
So, we obtain the following tower of characteristic two finite fields:

F2 C Eo =  F2(xo) c  E l  =  E0(xi) C . . .

For comparison, the following finite fields are defined by Conway [14]:

c- i  =  1 / L - i  =  ґг (с -і)  =  ?2/ 
for і >  —1, L,-+1 =  Lj(ci+1 ), where c!+i satisfies the equation

І

C2+ 1 +  Ci+ 1 + ΓΙ C/ = 0·
/=-1

In this case, the following tower of finite fields of characteristic two arises:

L_i =  f 2(c -i)  =  F2 C L0 =  Рг(со) C L1 =  L0(ci) c  . . .

From a point of view of applications such construction is very attractive, since we can perform 
operations with finite field elements recursively, and therefore effectively [7].

Note that the number of elements of the multiplicative group E* (і >  0), that is the set 
of non-zero elements of the field E;, equals to 22'+1 — 1. If to denote the Fermat numbers 
Nj =  22' +  1 (; > 0), then the cardinality of E* (i >  0) is equal to 22'+1 -  1 =  f ] '=0 Nj. For 
example,|E*| =  22' -  1 =  З, \E{| =  22* -  1 =  15 =  3 · 5, |E|| =  223 -  1 =  255 =  3 · 5 · 17.

1 P r e l i m i n a r i e s

We give below in Lemmas 1-9 auxiliary results for this paper.

Lemma 1 ([5]). For j  >  1 the follow ing equality holds Nj =  П[~ : > t + 2.

As a consequence of Lemma 1, we have the following lemma.

Lemma 2. Numbers Nj (j > 0) are pair-wise coprime.

Lemma 3 ([14]). Fori > 0, the following equality holds: (x,)N' =  1·

The multiplicative order of a field element x, is defined to be the smallest nonnegative 
integer N, such that (x,)N' =  1. According to Lagrange theorem for finite groups, the above 
result implies that the order of x,· divides N,. In the case where N; is prime, x, has order that 
precisely equals to N,·. The open question posed by Wiedemann [10, problem 28] is as follows: 
does the multiplicative order Ο(χ,) of the element x, equal to Nt. In any case, the order of хг 
divides Nj.

http://www.journals.pu.if.ua/index.php/cmp
mailto:rombp07@gmail.com


Lemma 4. Let ur =  Π/=ο xi f° r r — 0 Д ___ The multiplicative order o f  elem ent ur equals to
o ( u r) =  n L o O M -

Proof. Since the Fermat numbers are pair-wise coprime (see Lemma 2), the order of ur — 
Πί-ο xi is ^ e  product of the orders of x„ 0 < i < r. The number of elements of the multi­
plicative group E* (/ — 0, 1 , . . . )  is equal to Ц|=о Nj. As a corollary of Lemma 3 we have that 
the group E* (і =  0 ,1 , . . . )  is an internal direct product of subgroups with Nj(j — 0 , . . . ,  i) 
elements. The element x, belongs to the subgroup with the order Nr □

We say that an element of a finite field is primitive if its order is the same as the number 
of nonzero field elements. If the order of x,· is, in fact, N, for 0 < i < r, then ur =  П/=о xi 
is a primitive element in Er, because 22 +1 — 1 =  Π)=ο Nj. So, the given before Wiedemann's 
question can be reformulated as follows: is the element ur =  Π ;=0 x' primitive.

Lemma 5. Forj  > 2 , a divisor a > 1 o f  the num ber Nj is o f  the form  а — 1 ■ 2>+2 +  \, w here I is 
a positive integer.

Proof. The result obtained by Euler and Lucas (see [4, Theorem 1.3.5]) states: for j  >  2, a prime 
divisor of the number Nj is of the form 1 · 2 +  1, where I is a positive integer. Clearly a 
product of two numbers of the specified form is a number of the same form. Hence, the result 
follows. □

Lemma 6. Let K be a finite field o f  characteristic two and x, y Є K. I f

y2 =  yx + 1, (2)

then

for any positive integer k.

y2k =  yx2k~l +  £  x2* "2' (3)
M

Proof. By induction on k. For k =  1 we obtain the equality (2).
Suppose the equality (2) holds for some positive integer k. Then

2
2k+l " '= ( / ) 2 = = y v * * 1- 2 + £ > -

i= 1

Taking into account (2), we have
k4-1

2*4-1 2k+l—1 , V-* 2 +̂1— 2fу  =  у  χ *  1 + Ι ^ Χ λ \

І= 1

that is the equality (3) is true for k +  1 as well. □

Lemma 7. The multiplicative order Ο(χ,) =  N, for  0 < і <  11.

Proof For 0 < i < 4 Fermat numbers are prime [4]: Nq =  3, N\ =  5, N2 =  17, N3 =  257, 
N4 =  65537. Therefore clearly for these numbers, as a consequence of Lemma 3, the order of 
the element x, coincides with the correspondent Fermat number, that is Ο(χ,) =  N;.

The rest of the proof uses computer calculations. We perform calculations of order of the 
element X/ for 5 < і <  11. In this case Fermat numbers are completely factored into primes [5].

Using the mentioned factorizations, we calculate x, in the power Nj/q  for any prime divisor 
q of the number Nj. Really, if an element in the power Ν,/q  is not equal to one, then the element 
in the power of any divisor of N\/q is also not equal to one. As a result we obtain that for 
5 < і < 11 the order of element x, is not less than Nj, namely precisely equals to N,·. □

Lemma 8. Fori > 0 the inverse elem ent to the elem ent x; equals to (хг)_1 =  x, +  X/-i·

Proof Based on the given in the introduction recursive equation (1), that defines the Wiede­
mann's tower, we have x,(x, +  x,_i) =  (x,·)2 +  x,x,_i =  1. Hence, the element x,· is the inverse 
to the element x,-+ x,_i. □

Lemma 9. The follow ing equalities hold  for і >  1:

xf =  x,x,·—1 +  1, (4)

xf =  x,—i(x,·—2x, +  l) ,  (5)
xf =  Xf-i [(xf_2 +  +  Xi-zXi-i +  1 ]· (6)

Proof The equality (4) follows directly from (1). Using (4) for x2 consequently two times, we 
obtain

x f  =  x f  · Xj =  X(_1 X2 +  X,· =  X2_ 1X,· +  X;_i +  χ,·.
Substituting now the value of χ2_ λ from (4), leads to (5). Using (4) and (5), we have

xf =  xf · xf  =  Xf_1 (Xf_2Xf + l)(Xf-lXf +  1) =  Xf_i(Xf_2Xf_iX2 +  Xf_2Xf +  Xf-iX/ +  1)
=  x f - i i x j . j x , · - ^ , ·  +  X f _ 2 X f _ i  +  X f _ 2 X,· +  X f _ iX f  +  1 ) .

Substituting now the value of x2_ j from (4), gives (6). □

2 M ain  re su lts

We give in this section in Theorems 1-3 and Corollary main results of this paper.

Theorem 1. The order Ο(χ,) (i > 0) cannot be a divisor o f  a num ber o f  the form 2k +  1, where
k is a positive integer and k < 2 '.

Proof By induction on i. For 0 < і < 11 it is true according to Lemma 7. Let the assertion 
holds for numbers from 12  to і — 1 .

Show by the way of contradiction that the assertion holds for і as welll. Assume that 0(x,·) 
divides 2k +  1, where k < 2'. Then (x,·)2 +1 =  1 and Lemma 8 gives

(x,·)2* =  (x,·)- 1  =  X,· +  X,·-1 . (7)

On the other hand, putting in (3) у =  x„ x =  x,_i, we have

(x,·)2* = xf(xf—i)2*- 1 + E (xf-i)2*-2/. (8)
/=1

Comparing coefficients near хг in (7) and (8), we obtain (χ ,- ΐ)2̂ 1 =  1. Hence, 0 (x ,_  1 ) 
divides 2k — 1. At the same time, by Lemma 3, 0 (x ,_ i) is a divisor of 22' 1 +  1. Then 0 (x ,_ i) 
divides the sum of numbers 22' +  1 and 2k — 1, that is equal to S =  22' 1 +  2k. Consider the
following three possible cases.



1) If k =  2і λ, then S =  22' 1 +  2к =  21' 1+1. In this case 0 (х г_і) equals to a power of two.
This contradicts to the fact that 0(χ,·_ι) must divide 12‘ +  1.

2) If k <  2I_1, then S =  2k(22' l~k +  1). As 2k is coprime with 22‘ 1 +  1, the order 0 (х г-_і) 
divides 22‘ l~k +  1. Since k > 1, the inequality 2г 1 — k < 2г 1 holds, a contradiction with the 
induction hypothesis.

3) If A: > 2г_1, then S =  22' 1 (2k~2' 1 +  1). As 22‘ 1 is coprime with 2k~2' 1 +  1, the order 
0 (x ,_ i) is a divisor of 2k~2' 1 +  1. Since k < 2l, the inequality k — 2г_1 < 2'”1 is true, a 
contradiction with the induction hypothesis.

Therefore, we obtain a contradiction in all three possible cases, what shows that the asser­
tion also holds for i. □

Theorem 2. The order  Ο(χ,) (i > 0) cannot be a divisor o f  a num ber o f  the form s - 2 k +  l ,  
w here s =  3,5 and k is a non negative integer.

Proof. By the way of contradiction. If 0 (x ; ) is a divisor of a number of the form s · 2k +  1, then
(x/)s'2fc+1 =  1 and clearly

(xi)s'2k =  (x,·)-1 . (9)
Denote t — 2' — k. Then 22’ =  2l ■ 2k. Powering left and right side of the equation (9) to 2f and

taking into account (x,·)2 =  (x/) , we obtain

(x i f  = (*,·)■·

Consider the case s =  3. According to Lemma 6

(x,·)2' =  Xf (x/—і )2*- 1 +  Е ( х - і ) 2,“2У· (10)
;=i

Comparing coefficients near x, on the right side of (10) and (5), we have

(X /—Ί )2>—2 =  X i- 2·

Since x,_2 Ф 1 and, by lemma 2, Fermat numbers are coprime, we have the trivial intersection 
of cyclic subgroups ( χ , · - ι )  П (x f —2) =  I  a contradiction. As a consequence, 0 (х г) (z > 0) 
cannot be a divisor of a number of the form 3 ■ 2k +  1, where A: is a non negative integer.

Consider now the case s =  5. Comparing coefficients near x,· on the right side of (10) and 
(6), we obtain

(x»—l)2*- 3 =  (xi-2)2 +  I- 
Since (x i-2)2 +  1 =  Хі_2*і—3 0/ we have (χ ,-2)2 +  1 Є [F2(xf-2)]*· Note that (хг-_2)2 +  1 Ф
1, because (X/-2 ) 2  Ф 0. The fact: N,-_i is coprime with Д[г_ 2 ЛҐг_ з  (see lemma 2), leads to 
(x,_i) Π[ί2(χ/-2)]* Φ 1, a contradiction. Therefore, 0 (хг) (г > 0) cannot be a divisor of a 
number of the form 5 · 2k +  1, where k is a non negative integer. □

Theorem 3. The order o f  elem ent x, equals to Ni for  0 < і <  11 and is at least 7 · 2,+2 +  1 for  
і > 12 .

Proof. By Lemma 7 0 (х г) =  Nj holds for 0 < і <  11. Show now that 0(x,·) > 7 · 2i+2 +  1 for 
i > 12. If (x,·)"' =  1, then, by the Lagrange theorem for finite groups, n,· divides Nj. According 
to Lemma 3, n,· =  s ■ 2,+2 +  1, where s is a positive integer. By Theorem 1, s can not equal to 1,2 
or 4, and by Theorem 2 s can not equal to 3, 5 or 6, that is s >  7. Hence, the result follows. □

Corollary. The order o f  elem ent ur =  Πί-ο xi eq uals to Π/=ο for  0 < r < 11 and is at least
ΠΕο Nj ■ n U u (7 ■ 2i+2 +  1 ) f o r r  >  12 .

Proof. According to Lemma 4, we have the equality 0 ( u r) =  П/=о 0 ( xi)· Applying now Theo­
rem 3, we obtain given in the formulation of the corollary bounds on the order. □
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Розглядаються рекурсивні двійкові розширення скінченних полів Е!+ і =  Ε ,(χ ,+ χ), і >  —1, 
визначені Д. Відеманом. Основна мета роботи —  описати деякі власні дільники чисел Ферма 
Nj, які не дорівнюють мультиплікативному порядку Ο (χ, ).
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The purpose of the paper is to study the notion of CR-submanifold and the existence of some  
structures on a hypersurface of a quarter sym m etric non metric connection in a quasi-Sasakian m an­
ifold. We study the existence of a Kahler structure on M  and the existence of a globally metric frame 
/-s tru ctu re  in sence of Goldberg S.I., Yano K. [6]. We discuss the integrability of distributions on 
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I n t r o d u c t i o n

Let V be a linear connection in an π-dimensional differentiable manifold M. The torsion 
tensor T and the curvature tensor R of V are respectively given by:

T(X,Y) =  VxY  — VyX — [X, Y],
R(X,Y)Z =  V XV YZ -  V yV x Z -  V [X/Y]Z.

The connection V is symmetric if the torsion tensor T vanishes, otherwise it is non-symmetric. 
The connection V is metric if there is a Riemannian metric g  in M such that Vg  =  0, otherwise 
it is non-metric. It is well known that a linear connection is symmetric and metric if and only 
if it is the Levi-Civita connection. In [5] S. Golab introduced the idea of a quarter-symmetric 
connection. A linear connection is said to be a quarter-symmetric connection if its torsion 
tensor T is of the form

T(X,Y) =  u(Y)<pX -  u(X)<pY, 
where u is a 1-form and φ is a tensor field of type (1,1). Some properties of quarter symmetric 
connections are studied in [7]. In [8, 9] S. Rahman studied Transversal hypersurfaces of almost 
hyperbolic contact manifolds with a quarter symmetric non metric connections respectively.

The concept of CR-submanifold of a Kahlerian manifold has been defined by A. Bejancu [3]. 
Later A. Bejancu, N. Papaghiue [4] introduced and studied the notion of semi-invariant sub­
manifold of a Sasakian manifold. These submanifolds are closely related to CR-submanifolds 
in a Kahlerian manifold. However the existence of the structure vector field implies some 
important changes.

@  Rahman Sh., 2015

The paper is organized as follows. In the first section we recall some results and formulae 
for the later use. In the second section we prove the existence of a Kahler structure on M 
and the existence of a globally metric frame /-structure in sence of S.I. Goldberg, S.I. Yano. 
The third section is concerned with integrability of distributions on M and geometry of their 
leaves. In section 4 the study of conformal connections with respect to the quarter symmetric 
non metric connection in a quasi-Sasakian manifold is considered.

1 PR ELIM IN A R IES

Let M be a real 2n +  1 dimensional differentiable manifold, endowed with an almost con­
tact metric structure (/, ξ, η, g). Then we have

(a)  f 2 =  - l  +  η ®  ? , (h) η(ξ )  =  1, ( ή η ο /  =  0, (d) f  (?) =  0,

(e) η{Χ)  =  g (X ,? ) ,  (/) S( f X ,  f Y )  = g ( X , Y ) - η (Χ) η ( Υ)

for any vector field X, Y tangent to M, where I is the identity on the tangent bundle ΓΜ of M. 
Throughout the paper, all manifolds and maps are differentiable of class C°°. We denote by 
F(M) the algebra of differentiable functions on M and by Γ(Ε) the F(M ) module of sections 
of a vector bundle E over M.

The Niyembuis tensor field, denoted by Nf, with respect to the tensor field /, is given by

Nf ( x , Y )  =  { fx . fY]  + / 2[x , y ] - f i f x . Y ]  + f [ x , f Y ]

for all X, Y Є Γ(ΤΜ) and the fundamental 2-form Φ is given by Φ(Χ, Y) =  g { X , fY ) for 
all X, Y Є Γ(ΤΜ ). The curvature tensor field of M, denoted by R with respect to the Levi- 
Civita connection V, is defined by R(X,Y)Z =  VxVyZ -  VyVxZ -  V[X Y]Z for all X, Y,Z Є 
Г(ТМ).

Definition 1 . (a) An alm ost contact metric m anifold M (/, ζ, η, g) is called normal i f

Nf (X, Y) +  2άη{Χ, Υ)ζ =  0 for all Х ,У е Г (Т М ),

or equivalently ([1]) (V f x f ) Y  =  / (V X/)Y -  ^ ((V x ?, Y) f o r a l l X , Y e  T(TM).
(b) The norm al alm ost contact metric m anifold M is called cosym pletic i f  άΦ — άη =  0.

Let M be an almost contact metric manifold M. According to [1] we say that M is a quasi- 
Sasakian manifold if and only if ζ is a Killing vector field and

('Vχf)Y =  g ('Vfχζ'Y)ξ-η (Y)'Vfχξ  for all X, Y Є Γ(ΤΜ ). (2)

Next we define a tensor field F of type (1,1) by FX =  —X/χ ζ  for all X Є Г (TM).

Lemma 1. Let M be a quasi-Sasakian manifold. Then for all X,Y  Є Г(ТМ) we have

( » ) ( V j/ ) X  =  0, (b) f  oF — F o f r ( c ) g ( F X , Y ) + g ( X , F Y ) =  0,
(<i)F? =  0, (e) η o F =  0, ( f ) ( V x F ) Y = R t i , X ) Y .

The tensor field / defined on M is an /-structure in sense of Yano that is / 3 +  / =  0.

Definition 2 . The quasi-Sasakian m anifold M is said to be  o f  rank 2p +  1 i f f

η A (άη)ρ φ  0 and (άη)ρ+1 =  0.
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On other hand, a quarter symmetric non metric connection V on M is defined by

V XY =  V XY +  η(Υ)φΧ. (4)

Using (4) in (2), we have

( V x / ) Y  = g t f f x l ,  Y ) f  -  7 ( Y ) V / x ?  + η ( Υ ) Χ  -  η ( Χ ) η ( Υ ) ξ ,  (5)

V x ? = - F X + / X .  (6)
Let M be a hypersurface of a quarter symmetric non metric connection in a quasi-Sasakian 

manifold M and denote by N the unit vector field normal to M. Denote by the same symbol g 
the induced tensor metric on M, by V the induced Levi-Civita connection on M and by T Μ1 
the normal vector bundle to M. The Gauss and Weingarten formulas of hypersurfaces of a 
quarter symmetric non metric connections are

(я) V XY =  V XY + B(X,Y)N, (b) V XN = —AX, (7)

where A is the shape operator with respect to the section N. It is known that for all X, У Є
Г(ТМ)

B(X,Y) = g (A X ,Y ) .  (8)
Because the position of the structure vector field with respect to M is very important we 

prove the following result.

Theorem 1. Let M be a hypersurface o f  a quarter symmetric non metric connection in a quasi- 
Sasakian m anifold M. I f  the structure vector field ζ is norm al to M then M is cosym pletic 
m anifold and M is totally geodesic im m ersed in M.

Proof. Because M is quasi-Sasakian manifold, then it is normal and άΦ — 0 ([2]). By direct 
calculation using (7) (b), we infer for all X, У Є Г(ТМ)

< * ί ( Χ Υ )  =  | { ( ? Х 7 ) 0 0  -  ( V r i H X ) }  =  i { g ( V x S , Y )  - ί τ Ο ^ ξ , χ ) } ,  (9)

2άη(Χ,Υ)  =  g(AY,X) - gi AX, Y) =  0.

From (7) (b) and (9) we deduce for all X, У Є Г(ТМ)

0 =  άη{Χ,Υ)  =  k ( V x 7 )(Y) -  (V y ,)(X )}
, 2 (10) 

=  ^{g(VxC, Y) - ir (V y ? ,X )}  =  g (Y ,V x ?) =  —g(AX,  Y) =  0,

which proves that M is totally geodesic. From (10) we obtain V x£ =  0 for all X Є Г(ТМ ). By 
using (6), (3) (b) and (1) (d) from the above relation we state for all X Є Г(ТМ)

~/(V /x£ )+ / X  =  V X£, (11)

because /X Є Г(ТМ) for all X Є Г(ТМ). Using (11) and the fact that ζ is a not Killing vector 
field, we deduce άη φ  0.

Next we consider only the hypersurface which are tangent to ζ. Denote by U — f N  and 
from (1) (f), we deduce g(U,U) =  1. Moreover, it is easy to see that U Є Г(ТМ ). Denote 
by D1 =  Span(U) the 1-dimensional distribution generated by U, and by D the orthogonal 
complement of D L ® (ζ) in TM. It is easy to see that

/D =  D, D± C TM1 , TM =  D 0  D 1  0  (ζ ), (12)

where © denote the orthogonal direct sum. According with [1] from (12) we deduce that M is 
a CR-submanifold of M. □

Definition 3. A CR-submanifold M o f  a quasi-Sasakian m anifold M is called CR-product i f  
both distributions D 0  (ζ) and D1- are integrable and their leaves are totally geodesic subm an­
ifold  o f  M.

Denote by P the projection morphism of TM to D and using the decomposion in (10) we 
deduce for all X Є Г(ГМ ) that

X =  PX +  a(X)U +  η{Χ)ξ, f X  =  fP X  +  a(X)fU  + η ̂ Χ)ζ ,

therefore/X =  fP X  — a(X)fU.  Since

U = f N ,  f U  =  f N  =  —Ν +  η(Ν)ζ — —N +  g(N, ξ)ζ  =  - N ,

where a is a 1-form on M defined by a(X) =  g(X, U), X Є Г(ТМ). From (12) using (1) (a) we 
infer for all X Є Г(ТМ)

f X  =  t X - a ( X ) N ,  (13)
where t is a tensor field defined by tX =  fPX,  X Є Г(ТМ). It is easy to see that

(a) ίζ =  0, (b) tU =  0. (14)

2 I n d u c e d  s t r u c t u r e s  o n  a  h y p e r s u r f a c e  o f  a  q u a r t e r  s y m m e t r i c  n o n  m e t r i c

CO N N EC TIO N  IN A Q U A SI-SA SA K IA N  M AN IFO LD

The purpose of this section is to study the existence of some induced structure on a hyper­
surface of a quarter symmetric non metric connection in a quasi-Sasakian manifold. Let M be 
a hypersurface of a quarter symmetric non metric connection in a quasi-Sasakian manifold M. 
From (1) (a), (13) and (14) we obtain t3 +  t =  0, that is the tensor field t defines an /-structure 
on M in sense of Yano [10]. Moreover, from (1) (a), (13), (14) we infer for all X Є Г(ТМ)

t2X =  - Χ  + α (Χ )υ  +  η(Χ)ζ. (15)

Lemma 2. On a hypersurface o f  a quarter symmetric non metric connection M in a quasi- 
Sasakian m anifold M the tensor field t satisfies for all X, У Є Г(ТМ)

(я) g (‘X. ΙΥ) =  g(X. Y) -  η(X M Y ) -  α(Χ)α(Υ), (b) g(tx,  Y) +  g(X, IY) =  0. (16)

Proof From (1) (f), and (13) we deduce for all X, У Є Г(ТМ)

g(X,  Y) -  η(Χ)η(Υ)  =  g ( f X , f Y ) =  g(tX -  α(Χ)Ν, IY -  α(Υ)Ν) 
=  gitX, IY) -  a(Y)g(lX, N)  -  a(X)g(N, IY) 
+  a(X)a(Y)g(N, N)  =  g(IX, IY) +  a(X)a(Y),  

g(tx ,  IY) =  g(X, Y) -  η(Χ)η(Υ) -  a(X)a(Y),  
g(tx ,  Y) +  g(X, IY) =  g ( / X  +  a(X)N,Y) +  g ( X , f Y  +  a(Y)N)  

=  g ( f X , Y ) + « X ) g ( N ,  Y) + g ( X , / Y ) + a ( Y ) g ( X , N )  
=  g ( / X , Y ) + g ( X , f Y ) =  0.

□



Lemma 3. Let M be  a hypersurface o f  a quarter symmetric non metric connection in a quasi- 
Sasakian m anifold M. Then we have

(a) FU =  /Α ζ ,  (b) FN =  Αξ, (c) [Li, ζ] =  0. (17)

Proof. We take X =  U and Y =  ξ  in (2) f ( У u ζ )  =  -  V N£ -  U. Then using (1) (a), (6), (7) (b), 
we deduce the assertion (a). The assertion (b) follows from (1) (a), (3) (b) and (7) (b) we derive

V ?U -  ( % 0 N  +  / ν ξΝ =  - / Α ξ  =  - F U  =  ν υ ζ,
[iU, ζ] =  V u£ -  V^li =  ν υ ζ  -  ν υ ζ =  0,

which prove assertion (c). □

By using the decomposition TM — TM ® TM1 , we  deduce

FX — aX — η(ΑΧ)Ν  for all Х є Г (Т М ),

where a is a tensor field of type (1, 1) on M, since g(FX,N) =  —g(X ,F N ) — —g(X,Aξ) =  
—η(AX) for all X Є Г (TM). By using (5), (6), (7), (13) and (15) we obtain following theorem.

Theorem 2. Let M be a hypersurface o f  a quarter symmetric non m etric connection in a quasi- 
Sasakian m anifold M. Then the covariant derivative o f  a tensors t, α, η and a are given by

(a) (V x t)Y =  g(FX// Y K - g ( X , Y K - a ( Y ) A X + B ( X , Y ) U + V(Y)[octX+X-V(AX)U}/

(b) (V x a)Y =  B (X ,tY) +  η(Υ)η(ΜΧ),

(c) ( V x 7)Y =  s (Y ,V x £),
(d) (V x a)Y =  R(£,X)Y  +  Β(Χ,Υ)Αξ — η (AY) AX for all X,Y Є T(TM) 

respectively, w here R is the curvature tensor field  o fM.

From (5), (6), (14) and (18) (a) we get the following.

Proposition 1. On a hypersurface o f  a quarter sym m etric non metric connection M in a quasi- 
Sasakian m anifold M, we have for all X Є Г(ТМ)

(a) V XU =  - t A X  +  η(ΑίΧ)ζ,  (b) B(X, U) =  α(ΑΧ).  (19)

Theorem 3. Let M be  a hypersurface o f  a quarter symmetric non m etric connection in a quasi- 
Sasakian m anifold M. The tensor field t is a parallel with respect to the Levi Civita connection 
V on M i f f  for all X Є Г (TM)

(α) AX =  η(ΑΧ)ζ -  α(Χ)ζ  +  a(AX)U, (b) FX — / X  — η(ΑΧ)Ν  +  a(X)N.  (20)

Proof. Suppose that the tensor field t is parallel with respect to V, that is V i =  0. By using (2)
(a), we deduce for all X, Y Є Г(ТМ)

V(Y)[atX +  X -  η(ΑΧ)U) -  a(Y)AX +  g(FX,/ Υ ) ξ  +  B(X,Y)U -  g(X, Υ)ξ =  0. (21)

Take Y =  U in (21) and using (7) (b), (8), (19) (b) we infer

η(Ι Ι) [oLtX +  X -  V(AX)U\ -  a(U)AX  +  g(FX,/U)C -  g(X, 11)ζ +  B(X, U)U =  0,
V(U) =  0, a(U) =  1, g ( X , N ) = 0 ,
— AX +  g(FX,Zυ ) ξ  -  g(X, ΙΙ)ζ +  a(AX)U =  0,

AX =  g(FX, —Ν )ζ -  α(Χ)ζ +  a(AX)U
=  g(X, F N t f  -  α(Χ)ξ  +  a(AX)U =  g(X, Αζ)ζ -  α(Χ)ζ +  a{AX)U,

AX =  η(ΑΧ)ξ  -  α(Χ)ζ  +  a(AX)U

and the assertion (20) (a) is proved. Next let Y =  /Z ,  Z Є T( D) in (21) and using (1) (f), (3) (b), 
(17), (20) (a), we deduce for all X Є T(TM)

g(X,FZ) —0=^ FX =  /X — η(ΑΧ)Ν +  a(X)N.

The proof is complete. □

Proposition 2. Let M be a hypersurface o f  a quarter symmetric non metric connection in a 
quasi-Sasakian m anifold M. Then we have the assertions for all X, Y Є Г (TM)

(a) (Vxfl)Y =  0 ^  V XU =  0, (b) (V x 7 )Y =  0 ^  V x £ =  0.

Proof. Let X, Y Є Г(ТМ). Using (8), (16) (b), (18) (b) and (19) (a) we obtain

g (V x U, Y) =  g (—tAX +  η(ΜΧ)ζ, Y) =  g ( - tA X ,  Y) +  η(ΑΐΧ)§ (ζ, Y)
=  g(AX,tY) +  n(AtX)V(Y) =  (Vxfl)Y,

which proves assertion (a). The assertion (b) is consequence of the fact that ζ is not a killing 
vector field. □

According to Theorem 2 in [6], the tensor field / =  t +  η ® U — a <S> ζ defines an almost 
complex structure on M. Moreover, from Proposition 2 we deduce the following assertion.

Theorem 4. Let M be a hypersurface o f  a quarter symmetric non m etric connection in a quasi- 
Sasakian m anifold M. I f  the tensor fields t, α, η are parallel with respect to the connection V, 
then f  defines a Kahler structure on M.

3 I n t e g r a b i l i t y  o f  d i s t r i b u t i o n s  o n  a  h y p e r s u r f a c e  o f  a  q u a r t e r  s y m m e t r i c  n o n

METRIC C O N N ECTIO N  IN A Q U A SI-SA SA K IA N  M AN IFO LD  M

In this section we establish conditions for the integrability of all distributions on a hypersur­
face of a quarter symmetric non metric connection M in a quasi-Sasakian manifold M. From 
Lemma 3 we obtain.

Corollary 1. On a hypersurface o f  a quarter symmetric non metric connection M o f  a quasi- 
Sasakian m anifold M there exists a 2-dimensional foliation determ ined by the integral distri­
bution D1- φ  (ζ ).

Theorem 5. Let M be a hypersurface o f  a quarter symmetric non metric connection in a quasi- 
Sasakian m anifold M. Then we have the following.

(a) A lea f  o f  D1 (Β (ζ) is totally geodesic subm anifold o f  M i f  and only i f

(1) AU =  a(AU)U +  η(ΑΙΙ)ζ — ζ and  (2) FN =  a(FN)U.

(b) A lea f  o f  D1 0  (£) is totally geodesic submanifold o f  M i f  and only i f  for all X Є T(D)

(1) AU =  0 and  (2) a(FX) =  a(FN)  - 1  =  0.



Proof, (a) Let M* be a leaf of integrable distribution D1- φ (ζ) and h* be the second fundamen­
tal form of the immersion M* —> M. By using (1) (f) and (7) (b) we get for all X Є Г(ТМ)

g(h’ (U, U),  X) =  g ( V u U, X) =  - g ( N ,  (V U/)X  -  g ( V u N, fX)
=  0 — g ( - A U , / X )  =  g(AU, fX)  =  g(AU,fX)

and for all X Є Г(TM)

g(h ' (U^) , X)  =  ί ( ν υξ,Χ) =  g ( - F U  +  U,X) =  g(FN, fX)  +a(X) ,  (23)

because g{FU, N) =  0 and f ζ  =  0 the assertion (a) follows from (22) and (23).
(b) Let h\ be the second fundamental form of the immersion M* —> M. It is easy to see that

hi(X,Y)  =  h*{X,Y)  +  B(X,Y)N  for all X, Y є  T(D± 0  (£)). (24)

From (6) and (8) we deduce

(fti (ii, IT), N) =  g ( V u U, N) =  a(AU),  (25)

g ( h  (U, ξ ), N) =  g (V u£, N ) =  e(FN) -  1. (26)
The assertion (b) follows from (23)-(26). □

Theorem 6. Let M be  a hypersurface o f  a quarter symmetric non metric connection in a quasi- 
Sasakian m anifold M. Then

(a) the distribution D © (ζ) is integrable i f f  for all X, У Є Г (D)

g ( A f X + f A X , Y )  = 0 ,  (27)

(b) the distribution D is integrable i f f  (27) holds and for a llX  Є T(D)

FX =  77(A£X)iI -  η(ΑΧ)Ν,  (equivalent with FD 1  D),

(c) fhe distribution D © D1 is integrable i f fPX — 0 for all X Є F(D).

Proof. Let X, У Є Г (D). Since V is a torsion free and ζ is a Killing vector field, we infer

g([X ,e],U ) = g ( V x t , U ) - g ( V SX,U) = g ( V x ? , U ) + g ( V u S , X )  = 0 .  (28)

Using (1) (a), (7) (a) we deduce for all X, У Є T(D)

g([X, Y], U) =  g ( V x Y -  VyX, U) =  g ( V x Y -  V y X J N )
= g ( V Yf X - V xf Y , N )  =  - g ( A f X  +  fAX,Y) .

Next by using (4), (5) (d) and the fact that V is a metric connection we get for all X, У Є T(D)

g ( [X, Y],£) =  £( V XY, 0  -  s ( V γ Χ , ζ ) =  2g(FX -  /X, Y) =  2g(FX, Y) -  2g(fX,  Y). (30)

The assertion (a) follows from (28), (29) and assertion (b) follows from (28)-(30). Using (6) and
(3) we obtain for all X Є T(D)

S ( [X ,U ] ,n  = g ( V x U,5) - g ( V uX , J )  =  2g(FX,U) -  2g(fX,U) .  (31)

Taking into account that for all X Є T(D)

g(FX,N)  =  g( F f X, f N )  =  g(FfX,U) ,  (32)

the assertion (c) follows from (30) and (31). □

Theorem 7. Let M be a hypersurface o f  a quarter symmetric non metric connection in a quasi- 
Sasakian m anifold M. Then we have

(a) the distribution D is integrable and its leaves are totally geodesic im m ersed in M i f  and 
only i f  for all X Є Г (D)

FD J_ D and AX =  a(AX)U -  η(ΑΧ)ζ,  (33)

(b) the distribution D φ  (ζ) is integrable and its leaves are totally geodesic im m ersed in i f  
and only i f  for X Є F(D) takes p lace AX — a(AX)U and FU =  0,

(c) the distribution D © D 1  is integrable and its leaves are totally geodesic im m ersed in M 
i f  and only i f  for X Є T(D) takes p lace FX =  0.

Proof. Let M\ be a leaf of integrable distribution D and h\ the second fundamental form of 
immersion —> M. Then by direct calculation we infer

g{h\ (X, У), U) =  g (V xy, U) =  —g(Y, V xtf) =  -g (A X ,  tY) (34)

and for all X, У Є Г(О)

g{h\ (X, У), 0  =  g (Vx y, 0  =  g(FX, Y) -  g( fX , Y). (35)

Now suppose M\ is a totally submanifold of M. Then (33) follows from (34) and (35). Con­
versely suppose that (33) is true. Then using the assertion (b) in Theorem 6 it is easy to see that 
the distribution D is integrable. Next the proof follows by using (34) and (35). Next, suppose 
that the distribution D © (ζ ) is integrable and its leaves are totally geodesic submanifolds of 
M. Let Mi be a leaf of D © (ζ) and hi the second fundamental form of immersion M\ -> M. 
By direct calculations, using (6), (7) (b), (16) (b) and (19) (c), we deduce that for all X, У Є T(D)

g ( h  (X, У), U) =  g ( V x Y, U) =  —g(AX, tY), (36)

and for all X Є T(D)

g ( h  (X, ξ), U) =  g (ν χ ξ, U) =  g ( - F U  +  fU ,  X) =  g{FU, X). (37)

Then the assertion (b) follows from (32), (36), (37) and the assertion (a) of Theorem 6. Next let 
M\ be a leaf of the integrable distribution D © D 1  and h\ is the second fundamental form of 
the immersion M\ —ν M. By direct calculation for all X Є T(D), У є  T(D © D1 ) we get

g(h\ (Χ,Υ),ξ) =  g(FX, Y) -  g( fX ,  Y). (38)

The assertion (c) follows from (3) (c), (32) and (38). □

4 C o n t a c t  c o n f o r m a l  c o n n e c t i o n  o n  a  h y p e r s u r f a c e  o f  a  q u a r t e r  s y m m e t r i c

NON M ETRIC C O N N ECTIO N  IN A Q U A SI-SA SA K IA N  M AN IFO LD  M

Let the conformal change of the metric tensor g which induces a new metric tensor, given 
by £(X, У) =  e2pg(X,  У) with regard to this metric, take an affine connection, which satisfies

V x j(Y ,Z ) =  V x {elpg(Y,Z)}  =  β2ρρ(Χ)η(Υ)η(Ζ),  (39)



where p is a scalar point function. The torsion tensor of the connection V satisfies

T(X, Y) =  - 2 g( fX ,Y )U  =  S(X,Y) -  S(Y ,X ), (40)

where U is a vector field. Let
^ χ Υ  — V XY +  S(X,Y),  (41)

where S is a tensor of type (1,2). Using (39), (40), (41), we have

V XY =  V XY +  p(X)(Y  -  η(Υ)ζ]  +  p(Y){X -  η(Χ)ξ)  
-  g ( f X , f Y ) P  +  u(X)fY  +  u(Y)fX  -  g( fX ,Y)U,  

where g(P,X) =  p(X),g(QX,P)  =  p(JX) =  —q(X), g(Q,X) =  q(X),g(U ,X) =  u(X). 

(V X/)(Y ) =  (V x/)(Y ) +  {X  -  η (Χ )ζ }ρ ( /Υ ) -  p(Y) fX  + g i f x ,  Y)p +  g ( f X , f Y ) f P  
+  u ( fY ) fX  +  u(Y){X -  η(Χ)ξ] -  g ( f X , f Y ) U + g ( / X , Y ) f U  =  0.

Using (5), the relation becomes

S(V /X?,Y)? -  η ( Υ ) ν , χ ξ +  η(Υ)Χ -  η(Χ)η(Υ)ζ -  p(Y)fX  
+  {X  -  η(Χ)ζ}ρ( /Υ)  + g ( f X , Y ) p + g ( f X , f Y ) f P  +  u( fY) fX  
+  u (Y ){X  -  η ( Χ ) ζ } - g ( J X , f Y ) U + g ( J X , Y ) f U  =  0.

Contracting with respect to X,

2ηιη{Υ) +  2mp(JY)  -  2p(fY) +  2mu(Y) -  2u(Y) +  2η(ΙΙ)η(Υ) =  0,
2(m — l )p ( fY )  +  2(m -  l)u(Y) +  2η{Υ){τη +  ?/(ii)} =  0.

If we put η (ϋ )  =  — 1 =  u(£), then u(Y) =  q(Y) — η(Υ)· Thus (42) takes the form

V XY =  VxY +  {Y -  η(Υ)ζ}ρ(Χ)  +  {X  -  η(Χ)ξ}ρ(Υ) ~ g ( fX , fY ) P
+  {q(X)  -  η(Χ )} /Υ  +  {q(Y) -  η{Υ)} /Χ  -  g ( fX ,  Y)(Q -  ζ).

Then Ϋ χ ζ  — 0 =  V x£ +  {X  -  η(Χ)ζ}ρ(ζ)  -  fX .  Using (6) in this equation, we have

- F X  +  f X  +  V x £ +  {X  -  η(Χ)ζ}ρ(ζ )  -  /X =  0,

which implies that FX =  {X  — η(Χ)ζ}ρ(ζ).

Proposition 3. On a hypersurface o f  a quarter symmetric non metric connection M in a quasi- 
Sasakian m anifold M the affine connection V which satisfies (40), is given by  (43) with the 
conditions η(ζ) =  - 1  =  >7(11), FX =  {X  -  η(Χ)ζ}ρ(ζ).
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1 I n t r o d u c t i o n

For all terms and definitions, not defined specifically in this paper, we refer to [3,5,16] and 
for the topics in signed graphs we refer to [17, 18]. Unless mentioned otherwise, all graphs 
considered here are simple, finite and have no isolated vertices.

1.1 An overview of IASL-graphs

The sum set (see [7]) of two sets A and B, denoted by A +  B, is defined as A +  В =  {a  + b : 
а Є A, b Є B}. Let No be the set of all non-negative integers and let X be a non-empty subset 
of No- Using the concepts of sumsets, we have the following notions as defined in [4, 8].

An integer additive set-labeling (shortly IASL) is an injective function / : V (G) —> V(X) \ { 0 }  
such that the induced function /+ : E(G) —>■ V(X) \ { 0 }  is defined by

f+ ( u v ) = f ( u )  + f ( v )

for all u ,v  Є E(G). A graph G which is endowed with an IASL is called an integer additive 
set-labeled graph (IASL-graph).

An integer additive set-indexer (IASI) is an injective function / : V(G) —> V(X) \ { 0 }  such 
that the induced function /+ : E(G) -¥ V(X) \ { 0 }  is also injective. A graph G which is 
endowed with an IASI is called an integer additive set-indexed graph (IASI-graph).
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An IASL (or IASI) is said to be k-uniform if |/+ (e)\ = k  for all e Є £(G). That is, a connected 
graph G is said to have a /с-uniform IASL (or IASI) if all of its edges have the same set-indexing 
number k. The cardinality of the set-label of an element (vertex or edge) of a graph G is called 
the set-indexing number of that element. If the set-labels of all vertices of G have the same 
cardinality, then the vertex set V (G) is said to be uniformly set-indexed. An element is said to be 
mono-indexed if its set-indexing number is 1 .

A weak integer additive set-indexer of a graph G is an IASI f  : V(G) -l· V(X) \ { 0 }  such that

\f+ (uv)\ =  max(|/(u)|, \f(v)\)

for all u, v Є V (G) and a strong integer additive set- indexer (SIASI) of G is an IASI such that

\f+ (uv)\ =  \f(u)\\f(v)\

for all u, v Є V(G).
The following result is a necessary and sufficient condition for a graph to be a weak IASL- 

graph.

Lemma 1 ([10]). An IASI f  o f  a given graph G is a w eak IASI o f  G i f  and only i f  at least one 
end vertex o f  every edge o fG  is m ono-indexed, with respect to f .

Theorem 1 ([8]). A graph G admits a w eakly uniform IASL i f  and only i f  G is bipartite.

An integer additive set-indexer f  : V(G) -> V ( X ) \ { 0 }  of a graph G, satisfying the condi­
tion I/+ (uv) I =  \f(u) +  f { v )  I =  I f (u )  11 f ( v )  I for all edges uv of G, is said to be a strong IASI of 
G. A graph which has a strong IASI is called a strong IASI-graph.

Theorem 2 ([9]). A graph G admits a strong IASI, say f ,  i f  and only i f  for any two adjacent 
vertices in G, the sets defined b y D f  (ц) =  {|я -  b\ : a,b  Є f ( u ) }  and =  {\c — d\ : c,d Є 
f ( v ) }  are disjoint.

Theorem 3 ([9]). A connected graph G admits a strongly k-uniform IASL i f  and only i f  either 
G is bipartite or k is a perfect square.

An IASL / of a given graph G is called an arithmetic IASL of G if the elements of the set- 
labels of vertices and edges of G are in arithmetic progressions. If all these arithmetic progres­
sions have the same common difference d, then such an arithmetic IASL is called isoarithmetic 
IASL of G.

Theorem 4 ([11]). I f f  : V(G) - *  V(X) is an isoarithmetic IASL defined on a graph G, then the 
cardinality o f  the set-label o f  any edge uv in G is |/(u) | +  \f(v) \ — 1.

1.2 Preliminaries on Signed Graphs

Note that a half edge of a graph G is an edge having only one end vertex and a loose edge 
of G is an edge having no end vertices.

A signed graph (see [17,18]), denoted by E(G, σ), is a graph G(V,E ) together with a function 
σ  \ E(G) -> {+ , - }  that assigns a sign, either +  or - ,  to each ordinary edge in G. The function 
σ  is called the signature or sign function of Σ, which is defined on all edges except half edges 
and is required to be positive on free loops.

http://www.journals.pu.if.ua/index.php/cmp


An edge e of a signed graph Σ is said to be a positive edge if cr(e) =  +  and an edge cr(e) of 
a signed graph Σ is said to be a negative edge if cr(e) =  —. The set E+ denotes the set of all 
positive edges in Σ and the set E~ denotes the set of negative edges in Σ. A simple cycle (or 
path) of a signed graph Σ is said to be balanced (see [2, 6]) if the product of signs of its edges is 
+. A signed graph is said to be a balanced signed graph if it contains no half edges and all of its 
simple cycles are balanced.

Note that a negative signed graph is balanced if and only if it is bipartite.
Balance or imbalance is the main property of a signed graph. The following theorem, well 

known as Harary's Balance Theorem, establishes a criteria for balance in a signed graph.

Theorem 5 ([6]). The follow ing statements about a signed graph are equivalent.

i) A signed graph  Σ is balanced.

ii) Σ has no half  edges and there is a partition (V\, Vj) ofV(JL) such that E~ =  E(V\, V2 ).

Hi) Σ has no ha l f  edges and any two paths with the sam e end points have the sam e sign.

A signed graph Σ is said to be clusterable or partitionable (see [17,18]) if its vertex set can be 
partitioned into subsets, called clusters, so that every positive edge joins the vertices within the 
same cluster and every negative edge joins the vertices in the different clusters. If ν(Σ) can be 
partitioned in to A: subsets with the above mentioned conditions, then the signed graph Σ is 
said to be k-clusterable. In this paper, we discuss only the 2-clusterability of signed graphs.

It can be noted that 2-clusterability always implies balance in a signed graph Σ. The con­
verse need not be true. If all edges in Σ are positive edges, then Σ is balanced but not 2- 
clusterable.

In this paper, we extend the studies on different types of integer additive set-labeling of 
graphs to classes of signed graphs and hence study the properties and characteristics of such 
signed graphs.

2  IA S L -S IG N E D  GRAPHS

Motivated from the studies on set-valuations of signed graphs in [1], and the studies on 
integer additive set-labeled graphs in [4, 8, 9, 11], we define the notion of an integer additive 
set-labeling of signed graph as follows.

Definition 1. Let X C No and let Σ be a signed graph, with corresponding underlying graph 
G and the signature cr. An injective function f  : V(L) —>■ V(X) \ { 0 }  is said to b e  an integer 
additive set-labeling (IASL) ο/Σ i f f  is an integer additive set-labeling o f  the underlying graph  
G and the signature o f  Σ is defined bya{uv))  =  (—l)l/(“)+/(°)l.

A signed graph which is endow ed with an integer additive set-labeling is called an integer 
additive set-labeled signed graph (IASL-signed graph) and is denoted b y L f .

Definition 2. An integer additive set-labeling f  o f  a signed graph  Σ is said to be an integer 
additive set-indexer ο/Σ i f f  is an integer additive set-indexer o f  the underlying graph G.

Definition 3. An IASL f  o f  a signed graph  Σ is called a weak IASL or a strong IASL or an 
arithmetic IASL ο/Σ, in accordance with the IASL f  o f  the underlying graph G is a w eak IASL 
or a strong IASL or an arithmetic IASL o f  the corresponding underlying graph G.

The structural properties and characteristics of different types of IASL-signed graphs are 
interesting. In the following section, we study the properties of strong IASL-signed graphs.

2.1 Strong IASL-signed graphs

As stated earlier, balance is the fundamental characteristic of a signed graph and hence 
let us investigate the conditions required for a strong IASL-signed graph to have the balance 
property. The following result provides a necessary and sufficient condition for the existence 
of a balanced signed graph corresponding to a strongly uniform IASL-graph.

Theorem 6 . A strongly k-uniform IASL-signed graph  Σ is balanced i f  and only i f  the underly­
ing graph G is a bipartite graph or \fk is an even integer.

Proof. Assume that the strongly /с-uniform IASL-signed graph Σ is balanced. Then, for any 
cycle Cr, cr(Cr) must be positive. Let щ  and π2 be two positive integers greater than 1 such that 
П\Пг =  k. Label the vertices of Cr alternatively by «j-element subsets and ^-element subsets 
of the ground set X. Here we have the following cases.

Case 1. Let щ φ  nj. We claim that this labeling is possible only when Cr is even. If Cr is an 
odd cycle, then by labeling the vertices of Cr as mentioned above, there will be two adjacent 
vertices, say u and v both having ni-element set-labels or «2-element set-labels and the edge uv 
has the set-indexing number n\ (or n\)), which is a contradiction to the fact that G is strongly 
/с-uniform IASL-graph. Therefore, G is bipartite.

Case 2. Let Cr be an odd cycle in G. Then, we claim that the above mentioned labeling is 
possible only when n\ =  nz- If Cr is an odd cycle, as mentioned in Case-1, there exists an edge 
in Cr with set-indexing number n\ (or n|). Since G admits a strongly ^-uniform IASL, we have 
n\ =  k =  П\П2 . This is true only if n\ =  «2 =  y/k. That is, k is a perfect square. Therefore, 
every vertex of Cr has the set-indexing number y/k and every edge of Cr has the set-indexing 
number k. Since Σ is balanced, we have cr(Cr) =  + , which is possible when k and hence y/k 
are even integers.

Conversely, assume that the underlying graph G of strongly /с-uniform IASL-signed graph 
Σ is a bipartite graph or y/k is an even integer. Then, consider the following cases.

Case 1. Assume that the underlying graph G is a bipartite graph. Then, G has no odd 
cycles. Let Cr be an arbitrary cycle in G, where r is an even integer. Consider щ,П 2 Є No such 
that П\П2 =  k. Now, label the vertices of G alternatively by щ -element subsets and «2 element 
subsets of the ground set X such that the labeling becomes a strongly fc-uniform IASL of G. 
Here, we have the following subcases.

Subcase 1.1. If both щ  and «2 are odd integers, then k is odd and hence every edges of the 
cycle Cr in Σ has the negative sign. Since, Cr has even number of edges, we have cr(Cr) =  +.

Subcase 1.2. If one or both of n\ and П2 is even, then k is even and every edge of Cr has the 
positive sign. Therefore, c(Cr) — +.

Case 2. Assume that G is a non-bipartite graph. By hypothesis, y/k is an even integer and 
hence k is also an even integer. Since G is not bipartite, it contains odd cycles. Let Cr be an 
arbitrary odd cycle in G. Since G admits a strongly /с-uniform IASL, every edge of Cr must 
be labeled by the subsets of X having cardinality y/k (see [9]). Therefore, every edge of G has 
positive sign and hence cr(Cr) — + .

In all above cases, we can see that strongly A>uniform IASL-signed graph Σ is balanced. □



What are the conditions required for a strongly uniform IASL-signed graph to be cluster- 
able? The following result provides a solution to this problem.

Proposition 1. A strongly k-uniform IASL-signed graph  Σ is clusterable i f  and only i f  the un­
derlying graph G is bipartite and k is an od d  integer.

Proof. Let Σ is clusterable. Let (Ui, U2) be a partition of V (Σ) with the required properties of 
a clustering of Σ. Clearly, k must be odd. For, if k is even, all edges of Σ will be positive edges 
and hence all vertices of Σ belong to either U\ or to U2 making other empty, contradicting 
the fact that Σ is clusterable. As k is odd, every edge of Σ is a negative edge and hence for 
any two adjacent vertices in Σ must belong to different partitions. Choose vertices which are 
pairwise non-adjacent in Σ to form a subset Iii of V(Σ) and let U2 =  V \ U\. Clearly, U2 is also 
a subset of V in which vertices are pairwise disjoint. Therefore, (iii, U2 ) is a bipartition of the 
underlying graph G. Hence G is bipartite.

Conversely, assume that the underlying graph G of a strongly fc-uniform IASL-signed graph 
Σ is a bipartite graph with bipartition (Vi, V2) and k is an odd integer. Therefore, every edge 
of Σ is a negative edge with one end in Vi and other end in V2 · Then, (Vi, V2) satisfies the
properties of a clustering for Σ. Hence, Σ is clusterable. □

If the underlying graph G of a strong IASL-signed graph Σ is bipartite, then Σ is balanced if 
and only if the number of negative edges in every cycle of G in Σ is even. This is possible only 
when the number of distinct pairs of adjacent vertices, having odd parity set-labels, in every
cycle of Σ is even. Therefore, we have the following assertion.

Proposition 2. Let Σ be a strong IASL-signed graph with the underlying graph G bipartite. 
Then, Σ is clusterable i f  and only i f  the num ber o f  distinct pairs o f  adjacent vertices having 
od d  parity set-labels is even.

The proof of the above theorem is very obvious. The following result describes the condi­
tions required for the clusterability of (non-uniform) strong IASL-signed graphs whose under­
lying graph G is a bipartite graph.

Proposition 3. The strong IASL-signed graph, w hose underlying graph G is a bipartite graph, 
is clusterable i f  and only i f  there exist at least two adjacent vertices in "Lf with od d  parity  
set-labels.

Proof. Let Σ be a strong IASL-signed graph whose underlying graph G is a bipartite graph. 
Then, the same IASL of Σ is a strong IASL of G also. Since G is bipartite, every cycle in G is an 
even cycle. Let Cr : Ό\ν2ν ·3 . . .  vrv\ be a cycle in G.

First assume that Σ is clusterable. Then, there exists a partition (U\, U2 ) of non-empty 
subsets of V(Σ) such that the edges connecting vertices in the same partition have positive 
sign and the edges connecting vertices in the different partitions have the negative sign. Note 
that an edge uv of G has a negative sign only when both u and v have odd parity set-labels. 
Since G is a connected graph and both sets iii and U2 are non-empty, there must be at least 
one edge, say e =  uv, in G with one end vertex in U j and the other end vertex in U2 such that 
both u and v have odd parity set-labels.

Conversely, assume that at least two adjacent vertices of G have odd parity set-labels. If u 
and v be two vertices of G having odd cycles in G. Then, σ(ιιν) =  — in Σ. Let iii and ІІ2 be two 
mutually exclusive subsets of V(G) such that u Є U\ and v Є ІІ2· If there exist other edges, 
say xy such that both x and у have odd parity set-labels, then include any one of x and у to U\ 
and all other vertices to ІІ2· Repeat this process until all adjacent pairs of vertices having odd 
parity set-labels are counted. Then, (iii, ІІ2) will be a partition of Σ with desired properties. 
Therefore, Σ is clusterable. □

Let Σ be a strong IASL-signed graph, whose underlying graph G is a non-bipartite graph. 
Then G contains some odd cycles. If Cr is an arbitrary odd cycle in G, then Σ is balanced if and 
only if the number of negative edges in Cr is even, which is possible only when the number of 
positive edges in Cr is odd. It is possible only when at least two adjacent vertices must have 
even parity set-labels. A necessary and sufficient condition for a strong IASL-signed graph to 
be clusterable is described in the following theorem.

Theorem 7. A strong IASL-signed graph  Σ is clusterable i f  and only i f  every od d  cycle o f  the 
underlying graph G has at least two adjacent vertices with even parity set-label and at least 
two adjacent vertices with od d  parity set-label.

Proof. Let Σ be a strong IASL-signed graph with underlying graph G, where G is a non- 
bipartite graph. Then, G contains odd cycles. Let Cr : V\V2 · .. vrv\ be a cycle of length r in 
G. If Σ is clusterable, there exists a partition of vertices (iii, ІІ2) such that all edges having 
end vertices in the same partition have positive sign and the edges having end vertices in the 
different partitions have negative sign. If all vertices of Σ have even parity set-labels, then all 
edges of Σ will be positive edges. Hence, all vertices of Σ must belong to the same partition, 
say iii, making the other partition, say U2 empty. If one end vertex of every edge of Σ has even 
parity set-label, then also all edges of Σ become positive edges. In this case also, all vertices of 
Σ are in the same partition and the other partition is empty. Hence, there must be at least one 
edge in Σ such that its both end vertices have odd parity set-labels.

Conversely, assume that every odd cycle, say Cr, contains two adjacent vertices having 
even parity set-labels. Without loss of generality, let V\ and v2 be the vertices in Cr, which have 
even parity set-labels. Let V\,V2 Є U\. Let all other vertices have odd parity set-labels. Since 
(7( ^ 3) =  +/ v3 must also be an element of U\. Since (г{р&з) =  —, P3 Є ІІ2- Proceeding like 
this, we have v±, v^,. . . ,  vr_\ are in U2 and 05, V7, . . . , vr are in U\. This partition (iii, ііг) is a 
clustering for Σ. □

In this context, the questions on the balance and clusterability of weak IASL-signed graphs 
arouse much interest. In the following section, we discuss certain properties of weak IASL- 
signed graphs that are similar to those of strong IASL-signed graphs.

2 .2  Weak IASL-signed graphs

Balance and clusterability of the induced signed graphs of weak IASL-graphs has been de­
scribed in the following theorems. Analogous to Proposition 6, the balance of weakly uniform 
IASL-signed graph can be described as follows.



Proposition 4. A w eakly k-uniform IASL-signed graph is always balanced.

Proof. Let Σ be a weakly k-uniform IASL-signed graph with the underlying graph G, where k 
is any positive integer greater than 1. Then, G admits a weakly λ-uniform IASL, say /, then 
/+ (e) =  k for all e Є G. Then, the signature σ  is given by cr(e) =  ( ~ l ) k for all e Є Σ. Therefore, 
the signs of all edges of Σ are all odd or all even. Since the underlying graph G is a weakly 
/с-uniform IASL-graph, then G is bipartite (see [4]). Therefore, G has no odd cycles. Therefore, 
the number of signs, positive or negative, of edges in each cycles are even. Therefore, for any 
cycle Cr in Σ, cr{Cr ) is positive. Hence, Σ is balanced. □

The following theorem discusses the clusterability of weakly uniform IASL-signed graphs.

Theorem 8 . A w eakly k-uniform IASL-signed graph  Σ is clusterable i f  and only i f  k is a positive  
odd  integer.

Proof. Let the given weakly k uniform IASL-signed graph Σ be clusterable. Then, there exists 
a partition (Lii, U2 ) of non-empty subsets of V(Z) such that the end vertices of positive edges 
belongs to the same partition and the end vertices of negative edges belong to different parti­
tions. If k is even, then all edges in Σ are positive edges and all vertices in Σ belong to the same 
partition, say U\. Therefore, U2 =  0 ,  which contradicts the hypothesis that Σ is clusterable. 
Hence, k is an odd integer.

Conversely, assume that k is an odd integer. Then, every edge of G is a negative edge. Then, 
the bipartition (У\,Уг) of the underlying graph G, where V\ is the set of all mono-indexed 
vertices and V2 is the set of all vertices having set-indexing number k, will form a 2-clustering 
of Σ. That is, Σ is clusterable. □

Balance of a weak IASL-signed graph whose underlying graph is a bipartite graph is dis­
cussed in the following result.

Proposition 5. A w eak IASL-signed graph  Σ, w hose underlying graph  G is a bipartite graph, 
is balaced i f  and only i f  the num ber o f  odd  parity non-singleton set-labels in every cycle ο/Σ 
is even.

Proof. Assume that a weak IASL-signed graph Σ is balanced. Note that for the corresponding 
underlying graph G, the set-indexing number of every edge, not mono-indexed, is the cardi­
nality of the non-singleton set-label of its end vertex. Hence, for every odd parity non-singleton 
vertex set-labels in Σ, the corresponding edge has a negative sign. Hence, for any cycle Cr in 
Σ we have cr(Cr) =  +  and this is possible only when the number of odd parity non-singleton 
vertex set-labels in Cr of Σ is even.

Conversely, assume that the number of odd parity non-singleton vertex set-labels in any 
cycle of Σ is even. Therefore, the number of negative edges in Σ is even. Hence, for any cycle 
Cr in Σ, c(Cr) =  +  and hence Σ is balanced. □

The following theorem establishes a necessary and sufficient condition for a weak IASL- 
signed graph whose underlying graph is a bipartite graph.

Theorem 9. The w eak IASL-signed graph Σ, w hose underlying graph G is a bipartite graph, 
is clusterable i f  and only i f  there exist som e non-singleton vertex set-labels ο/Σ which are odd  
parity sets.

Proof. Let G be a bipartite graph with bipartition {V\, V2 ). Then G need not have any mono­
indexed edge. Then, without loss of generality, let V\ contains all mono-indexed vertices and 
V2 contains all vertices having non-singleton set-labels. Let Σ denotes the corresponding in­
duced signed graph Σ of G.

Assume that some set-labels of the vertices in V2 are odd parity sets. Since the mono­
indexed vertices in G are not adjacent in G, all vertices in V\ can be in the same cluster U\, if 
exists. Then, by the definition of clustering, the vertices having even parity set-labels cannot be 
included in the second cluster U2 as the signs of edges connecting these vertices to the vertices 
in V\ are positive. Therefore, let lii =  Vi U V2' and U2 =  V2 — V2, where V[ is the proper subset 
of all vertices in V2 having even parity set-labels. Clearly, all the edges in the same partition, 
if exist, have positive signs and the edges connecting the vertices in different partitions have 
negative sign. That is, G is clusterable.

Conversely, assume that Σ is clusterable. Then, there exists a partition (Щ, U2 ) of the vertex 
set V(Σ) such that all edges connecting the vertices in the same partition have the positive sign 
and the edges connecting the vertices in different partitions have negative sign. Let U\ contains 
all vertices in V\. Any vertex u in V2, having an even parity set label and adjacent to some vertex 
v in V\ must also belong to Щ as cr(iiv) — + . Hence, if the set-labels of all vertices in V2 are 
even parity sets, then U2 =  0 ,  which is a contradiction to the hypothesis that Σ is clusterable. 
Therefore, the set-labels of some vertices in V2 are odd parity sets. □

In this context, it is much interesting to check the balance property of weak IASL-signed 
graphs whose underlying graphs are non-bipartite. Hence, we have the following theorem.

Theorem 10. A w eak IASL-signed graph Σ, w hose underlying graph G is a non-bipartite 
graph, is not balanced.

Proof Since G is a non-bipartite graph, G contains odd cycles. Let Cr be an odd cycle in G. If Σ 
is balanced, then the number of negative edges in Cr is even. When one vertex, say v, of G has 
an even parity set-label, then the two edges incident on it will have the positive sign and the 
remaining odd number of edges in Cr have negative signs. If u and v are two adjacent vertices 
in Cr, then the three edges incident on these two vertices become positive and the number of 
negative edges in Cr becomes even.

Therefore, if G is balanced, then at least two adjacent vertices must have even parity set- 
labels. This contradicts the fact that G admits a weak IASL. Hence, Σ is not balanced. □

The following result is a straight forward implication of the above theorem.

Corollary 1. A w eak IASL-signed graph  Σ, w hose underlying graph G is non-bipartite, is not 
clusterable.

Proof. For any signed graph Σ, we have 2-clusterability implies the balance in Σ. But by The­
orem 10, a weak IASL-signed graph Σ, whose underlying graph is non-bipartite, can not be a 
balanced signed graph. Hence, the weak IASL-signed graph Σ is not clusterable. □

Another interesting type IASL-signed graph is the signed graph which admits an isoarith­
metic IASL. In the following section, we discuss the properties of these types of signed graphs.



2.3 Isoarithmetic IASL-signed graphs

The following theorem describes a necessary and sufficient condition for an isoarithmetic 
IASL-signed graph to be balanced.

Theorem 11. An isoarithm etic IASL-signed graph  Σ is balanced i f  and only i f  every cycle in Σ 
has even num ber o f  distinct pairs o f  adjacent vertices having the sam e parity set-labels.

Proof. Let Σ be a an isoarithmetic IASL-signed graph. Then, for every edge uv in Ε(Σ), the 
cardinality of the set-label of uv is \f+ (uv)\ =  \f(u)\ +  |/(f)| — 1· Then, \f+ (uv)\ is odd if both 
f (u ) ,  f (v )  are of the same parity and \ f + (uv) | is even if f(u ) ,  f (v )  are of different parities.

Assume that Σ is balanced. Then, the number of negative edges in every cycle of Σ is even 
and the number of disjoint pairs of adjacent vertices having the same parity set-labels is even. 
Conversely, assume that the number of disjoint pairs of adjacent vertices in every cycle Cr of 
Σ having the same parity set-labels is even. Then, the number of negative edges in Cr is even. 
Therefore, Σ is balanced. □

What are the conditions required for an isoarithmetic IASL-signed graph to be clusterable? 
The following result provides the required conditions in this regard.

Proposition 6 . An isoarithmetic IASL-signed graph  Σ is clusterable i f  and only i f  Σ contains 
som e disjoint pairs o f  adjacent vertices having the sam e parity set-labels.

Proof Note that a connected signed graph Σ is clusterable, if and only if Σ must have negative 
edges connecting the vertices in different partitions. Hence, if an isoarithmetic IASL-graph Σ 
is clusterable, then Σ contains negative edges which is possible when some disjoint pairs of 
adjacent vertices in Σ must have the same parity set-labels. □

3  C o n c l u s i o n

In this paper, we discussed the characteristics and properties of the induced signed graphs 
of certain IASL-graphs with a prime focus on clusterability and balance of these signed graphs. 
There are several open problems in this area. Some of the open problems that seem to be 
promising for further investigations are following.

Problem 1. Discuss the k-clusterability o f  different types o f  IASL-signed graphs for k > 2.

Problem 2 . Discuss the balance, 2-clusterability and general k-clusterability o f  other types 
o f  arithmetic IASL-signed graphs o f  different types o f  arithmetic and semi-arithmetic IASL- 
graphs.

For X C Nq, an IASL / of a graph G, is said to be a topological IASL of G if 
T  =  f ( V ( G )) U { 0 } is a topology on X (see [12]) and is said to be a topogenic IASL of G 
if T  =  f ( V ( G )) U f + (E(G)) U { 0 } is a topology on X  (see [13]). Then, we have the following 
problem.

Problem 3. Discuss balance and k-clusterability o f  topological and topogenic IASL-signed 
graphs.

An integer additive set-indexer / of a graph G, with respect to a finite set X C No, is said 
to be a graceful integer additive set-labeling of G if f + (E(G)) U { {0 } , 0 } =  V(X)  (see [14]) and 
is said to be a sequential integer additive set-labeling of G if f (V(G))  U f + (E(G)) U { 0 } =  V(X)  
(see [15]). Then, we obtain the following problems.

Problem 4. Discuss the balance and k-clusterability o f  graceful and sequential IASL-signed 
graphs.

Problem 5. Discuss the balance and general k-clusterability o f  topologically graceful and topo­
logically sequential IASL-signed graphs.

Problem 6 . Discuss the balance and k-clusterability o f  different types o f  integer additive set- 
indexed graphs.

Study on several other IASLs under which the collection of set-labels of given IASL-signed 
graphs form certain other subset structures like filters of the ground set. The study on certain 
IASL-signed graphs, where the edge set-labels are the union or intersection of the set-labels of 
end vertices.

Further studies on other characteristics of signed graphs corresponding to different IASL- 
graphs are also interesting and challenging. All these facts highlight the scope for further 
studies in this area.
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Нехай 'P(INo) позначає множину підмножин всіх невід'ємних цілих чисел No- Цілочисель- 
ним адитивним позначенням (IASL) граф а G називається така ін'єктивна множинно-значна 
функція /  : V(G)  —> 'P ( N q) \ { 0 } ,  що індукована функція / + : E (G ) —ї "P(N o) \ { 0 }  ви­
значена f + (uv) =  f ( u )  +  f ( v ) ,  де f ( u )  +  f ( v )  об'єднання множин f ( u )  і f ( v ) .  Граф , який має 
цілочисельне адитивне позначення (IASL), зазвичай називають IASL-граф ом. IASL /  граф а G 
називають цілочисельно адитивно індексуючим (IASI), якщо асоційована функція / + також  
ін'єктивна. У цій статті ми визначаємо поняття цілочисельно адитивного позначення графів 
зі знаками та описуємо відповідні властивості цих графів, які мають деякі типи цілочисельно- 
го адитивного позначення.

Ключові слова і фрази: графи зі знаками, збалансовані графи зі знаками, кластеризація гра­
фів зі знаками, IASL-граф и зі знаками, сильні IASL-граф и зі знаками, слабкі IASL-граф и зі 
знаками, ізоарифметичні IASL-графи зі знаками.
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ON PROPERTIES OF THE SOLUTIONS OF THE WEBER EQUATION

Growth, convexity and the /-index boundedness of the functions a (z ) and β(ζ) ,  such that a (z 4)

and z/3(z4) are linear independent solutions of the Weber equation w" — (^p — v — j )w =  0 with
v =  — \ are investigated.
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Introduction

Let

/ 0 )  = E  /«2" co
n=0

be an entire function, / — a positive continuous on [0, + 00) function. Function / is said to be 
of bounded /-index [3], if there exists N Є Z + such that for all n Є Z + and z Є C

< max / 1/ Ώ ί ϋ  ■ o < *  < г Л  « і
n!/»(|z|) - m aX \W (|z|) (2)

The least such integer N is called /-index and is denoted by N(f ,  /). If G C C and there exists 
N Є Z + such that inequality (2) holds for all n Є Z + and z Є G, analytic in G function / is 
said to be of bounded /-index on (or in) G, and /-index is denoted by N(f ,  I; G). Theorem 2.2 
[3, p.33] implies that i f f  is an entire function, G is a bounded domain and I — a positive continuous 
function, then f  is of bounded l-index in G.

An analytic univalent in D  =  {z : |z| < 1} function (1) is said to be convex if /(D) is a
convex domain. Condition Re {1 +  z / " ( z ) / / ' ( z ) }  >  0 (z Є D ) is necessary and sufficient [1]
for a convexity of /. Every convex function is univalent in D, and therefore f\ Ф 0.

Differential equation

w" -  ( ~  -  v -  Л  w =  0 (3)

1
is said to be the Weber equation. Properties of the solutions of the Weber equation if v φ — -  
are investigated in [5] and the following theorem is proved.
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Theorem ([5]). I f  ν Φ — -  the general solution o f  the equation  (3) is o f  the form  

w(z) =  Ci<p(z2) +  C2zip(z2), and the functions φ(ζ) and ip(z) have the follow ing properties:

28 18 1 1
1) Ν(φ,Ι) < 1 with I (|z|) ξ  — |2v +  l| +  — andN(ip,l) <  1 w ith l( |z|) ξ  — (|2v +  1| + 2 ) ;

У Ь IU

2) i f  (762 -  y/388564)/343 < \2v +  1| < (762 +  λ/388564)/343/ then φ(ζ) is convex in Ю, 
and if  (2350 -  ^3590164)/639 < \2v +  1| < (2350 +  ^3590164)/639 then ψ(ζ) is convex 
in Ό ;

3) i f  (1623 -  V2430289)/364 < |2v +  1| < (1623 +  ^2430289)/364, then φ(ζ) is close-to- 
convex in Ю, and i f  (4915 -  \/22088809)/684 < \2v +  1| < (4915 +  >/22088809)/684, 
then ip(z) is close-to-convex in D ;

4) fo rv  Є 1R if (—7 — у /З І ) / 2  < v <  (—7 +  у / З І ) / 2  the function φ(ζ) is close-to-convex in 
D, and if ( — 11 — у / 9 І ) / 2  < v <  (—11 +  у / 9 І ) / 2  the function ip(z) is close-to-convex in 
D ;

5) In Mf (r) =  (1 +  and In M^(r) =  (1 +  °(1))| as r —► oo, where

M f(r ) =  max{|/(z)| : |z| =  r}.

In this article we consider the case v =  — Then from (3) we have

z2
w" — —w =  0. (4)

4
Let us find the solution of the equation (4) in the form (1). Since

OO Ί  o o

E  (n +  l)(n +  2 ) f n+2ztt -  j  E  f n - 2Z" =
« = 0  ^ n= 2

so 2/2 =  0, 6/3 =  0 and 4(n +  2)(n +  l )/«+2 =  /«-2  if « > 2. We can see that for all n Є N 
/4„ -2  =  /tn-i =  0, and /„4.4 depends on /„. Therefore the solution of the equation (4) is of the 
form

w(z) =  Cia(z4) +  C2zjS(z4).

Let a;(z) =  α(ζ4). Then w'(z) — 4ζ3α'(ζ4), ζί/'(ζ) =  12ζ2α'(ζ4) +  16ζ6α"(ζ4), and, therefore, 
the equation (4) in this case is of the form 16z6a"(z4) +  12ζ2α'(ζ4) -  ^a(z4) =  0. After elemen­
tary transformations and replacement z4 on z we will get

64za"(z) +  48a'(z) — a(z) =  0. (5)

If we suppose that w(z) =  z/3(z4), then, like before, we will get

64ζβ" (ζ) +  80β'(ζ) - β ( ζ )  =  0. (6)
OO

We will find a recurrent formula for the coefficients of the function α(ζ) =  Σ  a nZn, which is
11=0

the solution of the equation (5). Since
OO O O O O

64 Ε  an+ 1 (n + 1 ) h z"  + 48 Ε  (n + І)2" -  Ε  a"z" = °'
n= 1 n—0 n= 0

we equate coefficients at the same powers of the variable z and get 48αι — α0 =  0 and 
(64n(n  +  1) +  48(n +  l) )a n+i — ocn =  0 if n >  1. Note, if ocq =  0 then α(ζ) ξ  0. Thus we 
put cco =  l. Then

‘ ■ =  ϊ 5 & ~ - ΐ ) · " £ 1 - (7)
OO

For the coefficients of the function β(ζ) =  Σ  β ηζη which is the solution of the equation (6),
n=o

we have 80^! -  β0 =  0 and 16(и +  1)(4и +  5)βη+1 -  β η =  0 if η >  1. If we put β0 =  1 then

f r - i s f e W  " - 1 · (8)

1 /-IN D E X  BOUN DEDNESS

Now we consider /-index boundedness of the functions a(z) and β(ζ). For this purpose we 
use the following lemma.

Lemma 1 ([4]). If  a function (1) is an analytic in the closed disc O r =  {z : |z| < R}, / q =  1, 
and

OO

E  \fn\Rn < a(R) < 1 , (9)
n= 1

ihen D r ) < 1 wiih Z(|z|) =   ̂+  «(i?)
(1 — a(R))(R — |z|) ’

If z Є 0 < ζ <  1, then R — |z| > (1 — ζ)R and Lemma 1 implies N ( f , l ; D ^ )  < 1 with

K\z\) — ( i  _  ζ)R(l  —a(R)) ’ ^ecause ^ N (f , l * ;G )  < N and /*(r) < l*(r), it is easy to prove 
[3, p.23], that N(f ,  I*; G) < N. Therefore the next lemma is true.

Lemma 2. I f  an entire function (1) satisfies (9) and fo =  \, then for every ζ  Є (0, 1) and

R Є (0, +oo) the inequality N ( f ,  l; Ό ξκ) <  1 holds with I(\z\) =  —— 1 ^ 5 ^  ίΌλλ·
I і  -  C)R{ 1 -  a(li))

Using (7) we have

f 1 ! ~ |afc_i|Rfc R , “  R . |nJfc
E  48 E  lafcl 48 E  16k(Ak _ ! )  48 +  E  16(jt +  !)(4fc +  3) '

That is

£  ( }  ~  16(fc +  l)(4fc +  3 ) )  =  48'

Since i 6(fc +  iK4fc +  3) 224/ then above equality imPlies

i R/48 14R
£  ”  І -  (R/224) “  672 -  3R ~  ^  ^

R R 672
Therefore, to use Lemma 2 it is necessary — +  —— < 1. That is R <  ---- . For such R bv

48 224 17 y
Lemma 2 we have N (а, І; Ю™) < lwith/(|z|) ξ  ------ +

v -  Vl u (1 -  0 ^ (672  -  17R)



Now we consider /-index boundedness of the function a (z) in C \ For this purpose we 
use the fact that a(z) satisfies differential equation (5), and therefore we have

x"(z) =  — — oc'(z) +  a.(z). If Izl > ζΚ, I =  1/(£R) and R < 672/17, then we obtain
4 4z 64z

k"(z)| 3|a'(z)| ξR  . , ,, f|a'(z)| , ,

- 8 ' in +  fes|a(z)l -  m a x  χ і ї і ‘' |α(ζ)ΙΓ  (10)2!Z2

Let us differentiate the equation (5) n times. Then we obtain

64ζα("+2)(ζ) +  (64n +  48)a("+1)(z) — a ^ (z )  =  0. 

Thus, if |z| > ζR , I — l / ^ R )  and R < 672/17, then for all n >  1 we get

|a(n+2)(z)| ^ 64ft +  48 |a(”+1)(z)| ^  1  \â n\z)\
(ft +  2)!/"+2 ~~ 64(ft +  2)|z|Z (ft +  l)!Zn+1 64(ft +  2)(и +  l)|z|Z2 n\ln

< 64 ft +  48 λ(”+1 )(ζ)| ^R/(ft +  1) 1|а(п)(2)І / „ „ . J f l a(«+i)(z)| α(”)(ζ)|Ί
64(ft +  2) (ft +  1)!Z"+1 1 64(ft +  2) n!Z« - ~ L~ 'j[(ft +  l)!Z"+1' ft!Z'! J

(11)

Inequalities (10) and (11) imply for all n Є Z+ and z Є C \

|a(n)(z)| ._____ i K ( z)l
n\ln

1 (  672 \
that is, N (a , l ; C \ D ^ )  < 1 with Z(|z|) =  — . Therefore, for all ζ Є (0, 1) and R Є ^0, —  J

f 1 672 HR  1
inequality N («,/) < 1 holds with Z(|z|) =  m ax| ^ '  (1 -  g)R(672 -  17R) j '

T 6 7 2 -1 7 R  , 1 672 + HR 1344- 6 R  _  , ,
we put ζ -  1344 _ 6R ' 4 en -  (i _  £)R(672 -  17R) ~  R(672 -  17R)' ЄГЄ ° ГЄ ° Г

1344 — 6R
all R Є (0, 672/17) we have Ν (α,/) < 1 withZ(|z|) =  ^ 672 _  i y ^ y  The minimal value of the

last function on (0, 672/17) is ^33^  ~~ ^ ^ =  224 ^1 — .

For the function β(ζ) using recurrent formulas (8) we have

f  1« IR* =  £ + f  ΙΛ IR* R i f  ! & - ' ! * *  R i f  R If, IP*
80 fc=2 80 £ 2 16fc(4fc + 1 )  80 ^  16(fc +  l)(4fc +  5)

That is

fc=l

R R
Σ Ι 1  16(fc +  l ) ( 4fc +  5 ) J  80' (12)

SinCe Ї 6 Д 4 Й 5 ) -  Ш ' S° d R  < Ш  ЛЄП fr° m (12) We get

?  \R \Rk <  R / m  =  18R\Pk\ — \ — (R/288) 1440 -  5R'

1440Therefore to use lemma 2 it is necessary R < ^  . For such R by lemma 2 we obtain
1440 +  13R

To investigate Z-index boundedness of the function β(ζ) in €  \ we use the fact that β(ζ)
5 1

is a solution of the equation (6), i.e. β"(ζ) =  —— β'(ζ) +  ——β(ζ). If Izl > £R, R < 48 and
4z 64z

Z = 1/ (£R) we have

l/S"(z)l ^ 5 \β'(ζ)\ ?R  ̂ ,.ίΙ/3'ИІ ,„M |1
2 !?̂  8 ГІ/ 128 \ Ii/ ' 11J ‘ <13>

Let us differentiate the equation (6) ft times. Then we obtain

64Zj6^"+2^(z) +  (64ft +  80)β(η+1\ζ) — β η̂\ζ) =  0.

Therefore, if \z\ > ξR, R <  48 and Z =  1/(^R), then for all ft Є N  we get

\β(η+2) (z)| ^ 6 4 ft+  80 | ^ +1)(ζ)| | 1 \β{η)(ζ)\
(n +  2)\ln+2 64(ft +  2 )|z|/ (n +  1)!ZH+1 64(ft +  2 )(ft +  l)|z|Z2 n\ln

bin  +  80 |ff<n+1>(z)| g«/(B +  l)|^M(z)| f |^"+1>(z)| |/ί'">(ζ)ΐ1
64(ft +  2) (ft +  1 )!Z'!+1 64(ft +  2) ft!Z'! — |(ft +  l)!Z"+1' ft!Z” J ’

(14)

Inequalities (13) and (14) imply that for all ft Є Z + and z Є C \ inequality

^ ___ il/3'(z)|
ft!Z" < т а х | Ц М І ,  |/S(z)|}

holds, that is Ν(β,1; C \ D^r) < 1 with Z(|z|) =  Therefore, for all ξ  Є (0, 1) and

R Є (0, 48) inequality Ν(β, Z) < 1 holds with Z(|z|) ξ  max | ^ —
1440 +  13R
^)R(1440 — 23R) у  

_ 1440 -2 3 R  , 1 1440+  13R 2880 -  10R ^
If We pUt ζ =  2 8 8 0 - 10R' ЛЄП ^R =  (1 — g)R(1440 — 23R) =  R (1 4 4 0 -2 3 R )· ТЬЄГЄ£° ГЄ'

OQQQ _ 1 f)R
for all R Є (0, 48) we have Ν(β,Ι) < 1 with Z(|z|) =  —̂ ■—— 2 3 Щ' minima  ̂value of the

last function on (0, 48) is if R =  288 f 1  — ].
v ; 720 у M 23 J

Therefore, the following proposition is true.

Propositioni. Ν(α,Ζ) < 1 withl(\z\) =  andN(/5,Z) < 1 withl(\z\) =
336 720

2 G e o m e t r i c a l  p r o p e r t i e s

We use following lemma to investigate convexity of the functions a(z) and β(ζ).

+oo
Lemma3 ([2]). I f  Σ  n \fn\ < I/i |, then function (1) is convex in D.

n=2



Using recurrent formula (7) we get

P?  2 , , , t 2? 2 k n -ll 4 , "  +  1  2 , I
E n Iа»І < 4 | « 2 і + Е «  16 n(4n _ ! )  -  10752 + E 2 16n2(4n +  3) ”

that is + 00 / n _|_ I \ ^

Σ  V ~ 16n2(4n +  3) )  U ^  -  2688' 

ті і l  3
Since for n > 2  we have the inequality 1  -  16 я2(4я +  з ) -  1  _  704' so (15) imPlies

+£? 2 1/2688 1
Σ ” ^  -  701/704 48

Applying a similar reasoning to the function β(ζ) we obtain

+0° _  4 n + 1

that is

Σ Χ Ι ^ Ι  -  +  n5 3n 16n(4n +  1) 23040 +  Σ  16n2(4n +  5 )n

ζ  0  ~~ 16п2(4и +  5 ) )  H ^  -  5760'

SinCe 1  -  16 J(4 +«V  5 j - 1 _  4 ' S°

V? 21 ο I ^ 1/5760 ^ 1  _  ,fl ,
E n -  829/832 -  80

Therefore, the next proposition is true.

Proposition 2. Functions a(z) and /3(z) are convex in D.

3 G r o w t h

The next proposition describes the growth of the functions a(z) and β(ζ).

Proposition 3. 1пМл(г) =  (1  +  0(1 ) ) ^  and\nMp(r) =  ( l  +  o ( l ) ) ^  as r 
Mf(r) =  max{|/(z)| : |z| =  r}.

Really, since

— 0ίη- 1 — F T  1  1  ΤΊΓ ( л  I 1  ̂
Un ~  16и (4и -1) “  16"n! 4fc — 1  64"(п!)2 ^  V 4/c -  1  / '

so for every ε > 0 and for all n Є N

64"(η!)2 -  -  64»(η!)2 '

where K =  Κ(ε) is a positive constant.

To obtain an asymptotic behavior of the function oc{z) from inequality (16) we will consider
-{-OO γΥΙ

the function g (r )  — Σ  7~7v2 ' where r > 0. Let }ig {r) =  m ax{r"/(n !)2 : n > 0} be the
n=0 \n·)

maximal term of the last series and vg(r) =  max{n : rn/(n!)2 =  }ig(r)} be the central index. 
Then Vg(r) — n for n2 < r < (η +  l ) 2, therefore vg(r) =  (1 +  o(l))>/r if r —> + 00. Therefore

ln^(r) =  l n ^ (l )  +  J  =  (1 +  o(l))2y/r, r -y + 00,

and by the Borel's theorem we get InMg(r) =  (1 +  o(l)) ln ^ (r )  =  (1 +  o(\))2yfr, r —У + 00. 
From (16), in view of arbitrariness of ε, we have

InMa(r) =  (1 +  o (l))2 y / ^  =  (1 +  o( 1 ))-^ -, r -> + 00.

Similar we get asymptotical equality InMp(r) =  (1 +  o (l))^ —, r —* + 00.

4 M a in  t h e o r e m

Propositions 1-3 imply the following theorem.

Theorem 1. The general solution o f  (4) can be written in the form w[z) =  Ci«(z4) +  C2z/3(z4),
31 Ч- 2\/238where entire functions a(z) and β(ζ) are convex in O ,  N(oc,l) < 1 with Z(|z|) ξ  ----------------

336
41 +  2\ /4Ї4  x/r

and Ν(β,Ι) < 1 with Z(|z|) ξ  —- ^ ----- , also  In Ma(r) =  (1 +  o ( l ) )^ -  and
Fr

InΜβ(τ) =  (1 +  o (l) )—  as r —У oo, w here Mf ( r )  =  max{|/(z)| : |z| =  r} .
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Досліджено властивості функцій α(ζ) та β(ζ)  таких, що ft(z4) та ζβ(ζ4 ) е лінійно незалеж­

ними розв'язками рівняння Вебера w" — — v -  \)w =  0 при v — - 5 , а саме обмеженість
/-індексу, опуклість та можливе зростання.

Ключові слова і фрази: ціла функція, обмеженість /-індексу, зростання, опукла функція, 
рівняння Вебера.
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STRICTLY DIAGONAL HOLOMORPHIC FUNCTIONS ON BANACH SPACES

In this paper we investigate the boundedness of holom orphic functionals on a Banach space 
with a norm alized basis { e n}  w hich have very special form f ( x )  =  / ( 0) +  L ~ = i c«*" and which we 
call strictly diagonal. We consider under which conditions strictly diagonal functions are entire and 
uniformly continuous on every ball of a fixed radius.
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I n t r o d u c t i o n  a n d  P r e l i m i n a r i e s

Let X be a separable complex Banach space with a normalized basis {e„}~=1. A holomor­
phic function / on an open ball B(0,r) of X centered at zero (of finite or infinite radius r) will 
be called strictly diagonal with respect to the basis if it is of the form

OO OO

f ( x )  =  /(0) +  E  cnK' X e x ,  where x =  E  ХпЄп· (1)
n= 1 n= 1

We can associate a formal power series with / in such way
OO

7 (0  =  E  Cnt>1' c° =  / ( ° ) ' f є C
n=0

and we will write 7  =  7 / and / =  f y if it is necessary. Note that the strictly diagonal function 
f ( x ) — ΣΓ=ι xn is the well-known example [4, p. 169] of entire function on ί ρ, 1 < p < oo or 
on Co which is not of bounded type (the radius of boundedness at zero is equal to one). On 
the other hand its associated series 7 (f) well defines a holomorphic function only on the open 
unit disk D i C C. More examples of entire holomorphic functions which are not bounded on 
all bounded sets can be found in [1, 2, 3].

The purpose of this paper is to examine properties of strictly diagonal holomorphic func­
tions in terms of associated power series and construct some new interesting examples of holo­
morphic functions on X.

Le us recall that a continuous function / : X —> C is said to be holomorphic at a point а Є X 
if it has power series representation

OO

/(*) =  L f n ( x )
n= 0
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in a neighborhood of a, where f„ are continuous n-homogeneous polynomials. A function / is 
entire if it is holomorphic at each point of X. The space of all entire functions on X is denoted 
by H(X).

The radius o f uniform convergence of a function f  at a can be calculated by formula

pa(J) =  (limsup ||/«|| " ) _1 
п —їо о

and coincides with the radius of boundedness. In particular, each entire function is uniformly 
bounded on the ball B(a,r) centered at a of radius r if r < pa( f ) and unbounded on B(a,r) if 
r >  Pa(f).

For details on holomorphic functions on Banach spaces we refer the reader to [4, 5, 7].

1 M a i n  r e s u l t s

Throughout in this section / is a strictly diagonal function defined by (1). 

Theorem 1. LetS > 0 and OO
7 (0  =  E  *»<"

n=0

converges in the open δ-disk Os — {t Є C: \t\ <  <5}. Then f 7 Є H(X) and pz(fy) > δ for every  
z Є X.

Proof For a given x Є X let hq be a number such that \x„\ < r < δ for every η > nq. Then

«0 «0
\fy(x)\< Y j CkXk +  E  \ck\\Xk\< Y 2CkXk +  E  \Ck\rk < 00·

k=0  k=n o + l  k=0  / с= и о + 1

So / 7 is well-defined at any point of X. Clearly /7 is G-holomorphic and

Poify) =  ( lim sup |cn I») 1 =  p 0 ( 7 ) > δ·
tl—¥oO

This, in particular, means that /7 is locally bounded at 0 and so it is holomorphic. Let z be a 
fixed element in X. For any 0 < r < δ let mo be a number such that \z„ | < ^  Vn > mo. Then 
for every x є  X, II x II < r, we have

\f7 (x +  z)\ < 

Let us denote

m0
E ck(zk+Xk)k +  E  Ck\(?k +  Xk)\k <  E  ск(*к +  ХкУ
k=0 '«o+l k=0

m0
+ 7

( δ  — r \ 
( — +r)

m0
c (z ,r ) :=  E  ck(zk +  Xkf 

k=0
+ 7

( δ  -  r \ 
( — ■+r)

Then for every z Є X and r < δ, / 7 is bounded in В (z, r) by the constant c(z, r) which depends 
only on z and r. That is, pz(fy) > δ. □

Definition 1.1. A basis {en } “ =1 issa id  to beboundedly complete i f  for every sequence o f  numbers 
{bn}~=l such that sup || E«=i II < 00 the series і bne„ converges to a vector in X.

http://www.journals.pu.if.ua/index.php/cmp


Note that the standard basis in £p, 1 < p < oo, is boundedly complete while in Cq it is not. 
Moreover if {e„}~=1 is not boundedly complete, then it contains a subsequence equivalent to 
the standard basis in co (see [6]).

Definition 1.2. We say that K is the index o f boundedness o f  {en }~=1 i f

OO
11*11 = II E  ХпЄп\\ = δ > 0 

/1=1

im plies that the cardinality o f  set {x*.: |χ*.| =  <5} does not exceed K.

Theorem 2. Let {e„ } ~ = 1  be a norm alized basis o f  a Banach space X which has a finite index  
o f  boundedness K and 7 (f) =  Y^=Qcntn is holom orphic and bounded on the disk  D^. Then 
fy  Є H(X) and for every z Є X, fy  is bounded on Β (ζ, δ).

Proof. From Theorem 1 it follows that fy  Є H(X). For a given x Є X, ||x|| < 1, we have

I/7 Ml < J^c„i" + sup|7 (f)|. 
n=0

So
K

sup ι/7(χ)ΐ < E Cn6" + sup ΙΉΟΙ < °°
||x||<l /1=0 |f|<<5

and fy  is bounded on B(0, δ). Using the same work like in Theorem 1 we can show that f  r is 
bounded on B(z, δ) for every fixed z Є X. □

Definition 1.3. Let us suppose that there are 0 < ε < 1 and positive integer Κε such that 
||x|| =  1 im plies card [xn: \x„\ < 1 — ε} < Κε < oo. Then we say that Κε is the index o f ε- 
boundedness o f  the basis {e„}“=1.

Clearly that if X has an index of ε-boundedness Kc for some ε > 0, then Κε =  K.

Example 1. Let X — (the £\-sum). That is, for every

00 k

X =  Σ Σ  ή  ή  =  (X\'X1' x2’ xv  x2' xl ’ ■■·)> X Є X, 
k = 1 j = 1

we have OO
llxll =  V  max 1x^1.

Basis y=1 is boundedly complete. Indeed, let {by }^!ljy=1 be a sequence o f  numbers
such that Ek=i maxi<j<k Itfl < c for every m and som e c > 0. Then Σ*=ι maxi<j<k I by I con­
verges and so Σ  by ек Є X. On the other hand for every K Є N  we can p ick

xo =  4 +1 +  · · · +  ekk+\ 

with j I Xq 11 =  1  and so  {ey }^ i y=1 has no finite index o f  boundedness.

Example 2. Let X be the £\ -sum o f  i n, X — 0 ~=1 £" and (Єу}^!і1 у=1 be  the natural basis. This 
basis has the index o f  boundedness K =  1. Indeed, suppose  j|x|| =  1 and for two different 
coordinates |x|| =  1 and  [x· | =  1. We have two cases:

1) i fk  — s, then IIx|| > (\xk\k +  |xf|fc)̂  > 1 /

2) i fk  φ s, then ||x|| > 2 .

This contradicts our assumption. So, just one coordinate m ay have the absolute value equals 
one.

Let 0 < ε < 1 and K( be a fixed positive integer. Let us find  Atq Є N such that (1 — £)k{} < 
Letm  > 2max(A:o,iC£ +  1) and

Xo =  (1 -  e ) e f  +  . . .  +  (1 -  £)e^+ l ,

then

ЦхоІГ =  (Κε +  1)(1 -  г)т =  (Ke + 1)(1 -  ε )2?

< (Κε +  1 ) ( 1 - ε ) τ ( ΐ —ε)τ  < (χ , +  ι ) _ 1 _ ( ι  _  ε)? ,

that is,
||x0|| < ( ( 1  — ε)? )«  =  ( 1  — ε)2 .

It means that the index o f  ε -boundedness o f  the basis is greater than Κε. Since Κε is arbitrary, 
the basis has no finite index o f  ε-boundedness.

Theorem 3. Let {e„}~=1 be a basis o f  a Banach space X which has an index o f  ε-boundedness 
Κε for every  0 < ε < 1 and  7 (t) =  E~=o cntn converges in the disk  Dj. Then fy  is uniformly
continuous on B(z, 1) for every z Є X.

Proof. Let us prove the statement for the case B (0,1). The general case follows from there like in 
Theorem 1. Note that 7 (i) is uniformly continuous on the closed disk Dp for every 0 < p < l .
For a given 0 < ε < 1 let ω > 0 be such that

|7(ίι) -7(*2)| < ε (2)
if only |fi — t2\ < δ for t\, t2 Є D 1_e/2. Let x,y  є  X, ||x|| < 1, ||y|| < 1,

OO OO
X =  х пе п/ У — Y2 Упе п- 

»=1 /і=1
Then there is a number m < Κε +  1 such that for

OO 00
x =  Σ  x„en and у =  22 ynen

n=m n=m

||x|| < 1 — ε and ||y|| < 1 — ε. Clearly that fy  is uniformly continuous on B(0,1) if and only if
00

f y  ■= Σ C"x n
n=m

is uniformly continuous on B (0,1). If ||x — y|| < δ, then \\xk — yk\\ < δ for k > m. Let r =  
supk>m Kхд- — yk\\. Then from (2) we obtain

00 OO OO
ΙΙΛ(χ) -Л(у)іі = I E  c n( x n - y nn)I < E  \Cn(x n ~Уи)І < E  c«r" < ε·

n=m  n=m n=m

□



Example 3. Let 7 (f) =  E~=i f”/ then the entire function f 7  is uniformly continuous on a unit 
ball centered at any poin t in £ p,  1 <  p  <  oo. But it is not bounded in the unit ball in Cq. Indeed  
let xn =  e\ +  e% +  · · · +  e n Є Co, then f ( x n) — n —> oo. By the sam e way it is possible to show  
that i f y ( t ) is unbounded in D j c  C, then /7 (x) is unbounded in the unit ball o f  Cq .

Proposition 1.1. fy  is bounded on B(z, r) c  Co for every z Є Co i f  and only i f  ̂ (t) converges 
absolutely on D,-.

Proof. If 7 (f) converges absolutely on D r, then it is easy that f y  is bounded on B(z, r) C  Co for 
every z Є Co- To prove the converse statement without loss of the generality we assume that 
r — 1. If 7 (f) =  £ ~ = 1 cntn does not converges absolutely on D i, then there are numbers b„,
\bn \ — 1 , such that E~=i cnbn ~> 00 as n —> oo.

Let x„ =  \fb~n and xn =  Σ'!ϊ=\ *пЄп· Clearly ||xw||Co =  1 and fy {x m) =  E«=i cnbn =  m -> oo 
so f y  (x ) is unbounded on B(0, 1 ). □
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In this paper we study the controllability of a finite dimensional system obtained by discretizing 
in space and time the linear 1-D Schrodinger equation with a boundary control. As for other prob­
lems, we can expect that the uniform controllability does not hold in general due to high frequency 
spurious modes. Based on a uniform boundary observability estimate for filtered solutions of the 
corresponding conservative discrete system, we show the uniform controllability of the projection 
of the solutions over the space generated by the rem aining eigenmodes.
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I n t r o d u c t i o n

Let us consider the 1-D Schrodinger equation

ut(x, f) +  iuxx(x, t) — 0, 0 < x <  1, 0 < f < T,
< u(0,f) =  m(1,f) =  0, 0 < t < T, (1)
„ u(x,0) =  u°(x), 0 < x < 1,

where u° Є Hq (0,1). It is well known that the energy

E (0  =  \ I  \ux(x,t)\2 dx (2)
I  JO

of the solutions is conserved in time. Applying Fourier series techniques one can prove a 
boundary observability inequality showing that, for every T > 0, there exists C =  C (T )>  0 
such that

T
E ( 0 ) < c [  \ux(l,t)\2 dt (3)

Jo
for every solution of (1 ).

As a consequence of this observability inequality and the HUM method [10], the following 
boundary controllability property may be proved.

For all T > 0 and у0 Є H_1(0,1) there exists a control v Є L2(0, T) such that the solution of

( ift(x, t) +  iyxx(χ, f) =  o, 0 < x < 1, 0 <  f < T,
< y(0, t) =  0, 1/(1, f) =  v, 0 < f < T, (4)
I y(x,0) =  y°(x), 0 < x < 1,

©  Hajjej Z ., Balegh M., 2015
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satisfies у (Τ’) = 0.
This article aims at studying the observability and the controllability properties for space- 

discrete and fully discrete approximations schemes of (1) and (4).
In the last years many works have dealt with the numerical approximations of the control 

problem of the wave equation using the HUM approach [1, 4, 11]. It is by now well-known 
that discretization processes may create high frequency spurious solutions which might lead 
to non-uniform observability properties. The conclusion was that the controllability property 
is not uniform as the discretization parameter h goes to zero and, consequently, the control of 
the discrete model do not converge to the control of the continuous model. Some remedies 
are then necessary to restore the convergence of the discrete control to the continuous one. We 
can mention the Tychonoff regularization [6], a mixed finite element method [1], or a filtering 
technique [7]. In the context of fully discrete conservative equations, we refer to [3], which 
deals with very general approximation schemes for conservative linear systems. For space 
semi-discrete approximations of Shrodinger equation, we mention the work [2] which study 
interior observability and controllability properties, based on spectral estimates. Let us also 
mention that the time semi-discrete Schrodinger equation has been studied in [13]. Our article 
seems to be the first one that deals with fully discrete Schrodinger equation in details providing 
an uniform result of boundary controllability.

The outline of this paper is as follows.
The second section briefly recalls some controllability results for the Schrodinger equation. 

In section 3, we study the space discrete observability and controllability properties. Section 4 
is devoted to prove observability and controllability problems of fully discrete approximation 
schemes of (1) and (4).

1 T h e  c o n t in u o u s  pr o b le m

In this section, we recall briefly the controllability property of the Schrodinger system (4) 
(see [10,14] for more details).

Theorem 1. For all T > 0 and (у0) Є Η~λ(0,1) there exists a control v Є L2(0, T) such that the 
solution o f  (4) satisfies y(T) =  0.

Multiplying in (4) by й, integrating by parts in (0,1) x (0, T) and using the equations (1) 
that u satisfies we deduce that

і [  vUx(l)dt  +  [  y°u°dx — f  y{T)u(T)dx.
Jo Jo Jo

Taking imaginary parts in the last equality, we deduce that

Re f  vUx(l)dt  +  Im f  y°U°dx =  0.
Jo Jo

Here and in the sequel Re, Im and й stand respectively for the real part, the imaginary part of 
a complex number and the conjugate of u.

The control of minimal L2-norm can be obtained by minimizing functional / : Hq(0, 1) —» IR 
defined as follows: ^

J ( w°) =  \ I  \ux(l, t)\2dt - l m  [  y°U°dx. (5)
2 Jo Jo

The functional J  is continuous and convex. Moreover, J  is coercive because of the observability
inequality (3). Then, the following result holds.

Theorem 2. Given any T >  0 and у0 Є H _1(0 ,1) the functional J has an unique minimizer 
u° Є Hq(0,1). I f  ЇІ is the corresponding solution o f  (1) with initial data й° then v(t) =  —йх(1, t) 
is the control o f  (4) with minimal L2-norm.

As said in the introduction, the controllability property is equivalent to the observability 
inequality (3).

Let us finally remark that the solution of (1) admits the Fourier expansion

u(x, t) =  J2  скеік2пЧ sin(knx), 
k> o

with suitable Fourier coefficients depending on the initial data u°.

2 S p a c e  s e m i - d i s c r e t i z a t i o n s

In this section, we consider the space semi-discrete version of the continuous observability 
and controllability problems. Let N be a nonnegative integer. Set h =  j ~  and consider the 
subdivision of (0, 1) given by

0 =  x0 < x\ — h < ■ ■ ■ < Xj — jh < ■ ■ ■ <  xN+i =  1 /

i.e., Xj =  jh  for all j  =  0 , . . . ,  N +  1. Consider the following finite difference approximation of
(4):

y'j(t) +  /y/,+1.(t)- W +y/-l(t) =  ο, 0 < ί < Γ , /  =  1 , . . . ,Ν ,  
yo(0 =  0, yN+i(t) =  vh(t), 0 < t < T ,  (6)
УД0) =У °, j  — 1 , . . . ,  N.

As in the context of the continuous Schrodinger equation above, we consider the uncon­
trolled system

u'.(t) +  i ui-^\r2tp - ui >(f) =  0/ 0 < t <  T, ; =  1 , . . . ,N ,

uo{t) =  uN+i(t) — 0, 0 < t < T, (7)
U j ( 0 )  =  u ;° , j  =  1 , . . . ,N.

The energy of system (7) is given by

з д ) =  | е
;=o h

2

which is a discretization of the continuous energy E(£). It is easy to see that the energy £/, is 
conserved along time for the solutions of (7), i.e.

Е/г(£) =  E/,(0) for all 0 < t < T.

We observe that the system (7) can be rewritten in the following simplified form

u'h(t) -  iA huh(t) =  0, 0 < t < T, uh(0) =  u°h, (8)

where щ  stands for the column vector (u\,... ,  и ^ )т, Л/, denotes the matrix

Ah =

( 2
- 1 0  0 \

1 -1 ··. ■·. 0
h2 0 ··. ··. -1

V o 0 -1 2 у



entering in the finite difference discretization of the Laplacian with Dirichlet boundary condi­
tions. We consider the eigenvalue problem associated with (7):

i*i± =  β.φ), j  — 1 ........N,

Φο =  Φ,ν+1 =  0.
(9)

Let us denote by β ι^ , .. -,βΝ,ΐι the N eigenvalues of (9). These eigenvalues can be computed 
explicitly [8]. We have

. 4 . 9 /  nhk \
βίζ,Η ^k,h * 2 у 2 )'  * * * /

The eigenfunction Фк,к — (ф\'к, .. - ,Φ ^ )  associated to the eigenvalue β ^  can also be com­
puted explicitly:

Фк-,к =  sin(jnhk), j  =  1 , . . . ,  N.
Solutions of (7) admit a Fourier development on the basis of eigenvectors of system (9). More 
precisely, every solution щ, — (Uj)j of (7) can be written as

„„(() =  f v w · ' · ,  
k= 1

for suitable coefficients ak Є C, k — 1 , . . . ,  N, that can be computed explicitly in terms of the 
initial data.

2.1 Uniform observability of (7)

The main goal of this subsection is to analyze the following discrete version of (3):

£,,(0) < C{T,h) f  
Jo
r T UN (t)

Jo h
dt, (10)

where C(T, h) is independent of the solution of (7).
The observability inequality (10) is said to be uniform, if the constants C(T, h) are bounded 

uniformly in h, as h —> 0. However, the following result asserts that this is false.

Theorem 3. Let u is a solution o f  (7). For any T >  0 we have

Eh( 0)sup
u fo “ n ( 0

h dt
->oo as h —Ї 0.

Before getting into the proof of Theorem 3, let us recall the following property of the eigen­
vectors of (9) proved in [7].

Lemma 1. For any eigenvector Ф with eigenvalue β o f  (9), the follow ing identity holds:

N  rfs rb  2 t  2 ' 1 ^ 2

" Σ
M

Proof o f Theorem 3. For h > 0, consider the particular solution of (7)

uh(t) =  βίλ^ ιΦΝ'\

&1rH+θ
' 2 2 Φ ν 2 2 Φ ν

h “ 4 - ίβ/ζ2 /г 4 -  Ah2 /г

C o n t r o l l a b i l i t y  o f  a  d i s c r e t e  1 - D  S c h r o d i n g e r  e q u a t i o n  

For this solution we have

N

E„(0 ) = f t £
/=0

φ Ν,/, _  φΝ,/ι 
7+1 7

2
2 φ ΝΑ

h 4 -  AN/hh2 h

On the other hand,

Note that

Ґ UN (t) 2
dt  =  T

Jo h

ΦN,h
N

4 — h Nhh2 =  4 - 4  sin2 = 4 _ 4  cos2 as h 0.

Thus, the result is established. □
To overcome this obstacle, we rule out the high frequency spurious modes. We define

Cs =  span{Ofc,/! such that Ajy, < s}.

In order to obtain a positive counterpart to Theorem 3, we have to introduce suitable sub­
classes of solutions of (7) generated by eigenvectors of (9) associated with eigenvalues such that 
Ah1 <  7 . For a given 7  Є (0,4), we take solutions of (7) in C7/h2.

We are ready to prove the following uniform boundary observability of the discrete 
Schrodinger equation.

Theorem 4. Let 0 < 7  < 4. For all T > 0 there exist C — C(T , 7 ) > 0 such that
rT liirm  2

Eh( Г
UN{t)

Jo h

for every solution Ufj o f  (8) with u°h Є C^/h2 .

Sketch o f the proof. In the range of eigenvalues Ah2 <  7 , according to the identity of Lemma 1, 
it follows that

N

h L
i=0

Ф/+1 -  Ф/
h

< 4 _  7
Ф‘N
h

(11)

for any eigenvector Φ =  ( Φ ι , . . . ,  Φν) associated to an eigenvalue β such that ίβίι2 <  7 , or 
equivalent Ah2 < 7 .

Let us now consider a solution щ  of (7) in the class C7/ h2. It can be written as

uh(t) =  Σ  aketXk'hl Фк,к.

As was proved in [9], roughly speaking, the asymptotic gap tends to infinity as k -> 00, uni­
formly on the parameter h. Then applying Lemma 2.3 [9] and using (11) we deduce that for 
T >  0,

C(T.  7 )  f  
JO
r T UN (t)

Jo h
Moreover,

2 N

>  E  k l 2̂ E
Ay,/12< 7 ;= °

Фk.h фл.k,hІ+ 1

Eft(o) =  1  £  K f j , £
At, „/i2<7 /=0

Therefore, we obtain the desired inequality.

φ μ  _ φ k,h 
y+i 1

□



2.2 Uniform controllability of (6)

In this subsection we apply the observability result obtained above to analyze the control­
lability properties of the semi-discrete system (6).

For every s Є R , introduce the finite dimensional Hilbert spaces

Hsh =  span{  Φ1 '\ . . . ,Φ Ν'/Ι}

endowed with the norm

І ІЛ І ІН ?  =  E A b l d fcl2 , w h e n e v e r  fh  =  Ε ^ φ Μ ΐ ' 

k= 1 k=  1

where \k/h =  % 3ΐη2( ψ ) .
Let 0 < 7  < 4 and T > 0. The partial controllability problem of system (6) in the space 

H^ 1 consists in finding a control Є L2(0, T) such that the solution у/, =  (ι/у)y of (6) satisfies

П7 (ул( Г ) ) = 0 ,  (12 )

where П7 is the orthogonal projection over Cj/h2.
Multiplying (6) by йj, adding in j  and integrating in time, we get

Im / zE y;4 ° - R e / =  0.
j = 0 ,/0

We obtain the following characterization of the partial controllability property of system (6).

Lemma 2. Let T > 0 and 0 < 7  < 4. Problem (6) is partially controllable in Hh i f  fo r  every  
Vh e there exists a control such that

I m h f ^ i f j d j  =  Re f  vh(t ) l-^j—-dt, 
j=0 Jo

for any initial data u°h Є C y / hz.

The following uniform partial controllability property holds in the space Cy/ h2.

Theorem 5. For all T > 0 and 0 < 7  < 4, the problem  (6) is partially controllable in Hh l for  
allO < h < 1. Moreover; we have:

(a) the corresponding controls V/, in the semi-discrete system (6) satisfying (12) are bounded  
in L2(0, T);

(b) the controls converge ash  —У 0 to a control v Є L2( 0, T) o f  the minimal L2(0, T)-norm  
o f  the system (4) such that у (T) =  0.

The proof of this theorem is similar to that in [9], also it can be done as the proof in subsec­
tion 4.2.

3  F u l l y  d i s c r e t e  a p p r o x i m a t i o n s

Let Μ, N Є N. We set h and AtN+ 1

0 =  xq < x\ =  h <

дщ- and introduce the nets

<  Xi j h <  · · · < xN+1 =  1 ,
0 =  to < ti — At < · · · < tk =  kAt < · · · < Zm+i =  1·

We consider the following Crank-Nicolson discretization of (4)

(1 3 )

'  у'і+у- у'і , у ; : ї +уї- ї - 2уї+1 , ;У/+1~*~У/|- 1~2У/1
Δί

l;n _  а Уіу+і+Уіу+і _  7,иу0 — и, 2 — п-
І У? =  У0;‘/

2/?---- + г"

Vh'

~ w 0, j  =  1 , . . . ,Ν, η — 1 , . . . ,Μ,

η =  1 , . . . , Μ,
/ =  1........Ν.

(14)

We shall denote by у" =  (у”, . . . ,  Удг) the solution at the time step n. We consider also the 
system

u"+ l—u" .«ί1ίι1+Μ',ίι1 —2u"+1 .«?+і + « ? _ і - 2и|'
J _______L

At
uH = un

+  2 2/i2
l  -  0, =  1 , . . . , Ν, n =  1 , . . . ,  M,

n =  1 , . . . ,  M, (15)
wY =  u0j

Simple formal calculations give

йя+1 =  ( j  _  +  ІАь)йп =  emk,hAta nf

where Й" =  («”, . . . ,  «'у) is the solution at the time step n and =  1+J t,AkJ’. Writing1 γΙΛ kh

N

й° =  E  ak&k* 
k= 1

then the solution Й” is given by
N

йп =  £  акеіа̂ ,ш Фкг 
k= 1

(16)

with ак Є C, Ф̂  =  (Ф^1, · . . , Φ ^1) =  (sin (knh), . . . ,  sin(Nknh))  andJk,h

,h =  ~Kt arctan у -  J  ■

The energy of (15) is

h N

1 - 0

un — un Uj+ 1 j

h

which is a discretization of the continuous energy E in (2), and it is conserved in all the time 
steps: En =  E°, n =  0 , . . . ,  M, for the solutions of (15).

3.1 Uniform observability of (15)

In this subsection, our goal is to prove the uniform observability inequality of system (15). 
We have the following theorem.



Theorem 6 . Let 0 < 7  < 4. Assum e that

h2
At

< r, (17)

w here r  is a positive constant. Then for any 0 < δ < ψ, there exists T$ such that for any T > T$ 
there exists Ογ,δ,Ύ such that the observability inequality

2M
E° < Cj^^At E

n=0 2 h
(18)

holds for every solution o f  (15) with initial data in the class Q /дг for all h and At small enough  
satisfying (17).

The proof of this Theorem will essentially rely on the following Theorem proved in [5].

Theorem 7. Let I — N or Z  and (μ/)/є N be an increasing sequence o f  real numbers such that, 
for som e Θ > 0,

~ H j \ >  θ · ( 1 9 )]ЄІ
Let f  be a sm ooth function satisfies the assumptions: f  Є C°° and satisfies /(0) =  0, / '(0) =  1; 
f  is odd ; f  : [—R, R] -> [ -π , π], w here R Є R+ U { + 00} ;  inf{/'(a)|M < <5} > 0, where 
δ Є (0, R). Then for all time

T >
2n

Θ inf f ( c c )

there exist two positive constants C and  To > 0 such that for all τ  Є (0, To), for all (aj)jei Є l2(I) 
vanishing for j  Є I such that \ }tj\z > δ,

c ,e ,
КІ2<т E

2

< cj>l
кте(0,Т) № ;e i

Proof o f Theorem 6. The energy of solutions (15) is
2

r0 h N

£E
M

11° -  u°;+l uj
h

h N , , 2
=  ο Σ  Κ Ι 2/4 / ιΣ  

/=0

where we used
N

Σ
;=o

фЦ - ф к'к
1+1

h

Лk,h<it

N

7=0

φλ',/ι

φ  k,h

N
Normalizing the eigenvector Фк’!і, i.e. /г^

/=о
Ф1,k,h =  1 , we get

=  I  Е (*?) =  | E ,  K i 2f 3 f j  =  ϊ  E w
λΜι<Δ( Ак,Н<ЯІ Ak,hSsi

■4 +  λ^ Δί2
4cos2( ^ i) /

where

C o n t r o l l a b i l i t y  o f  a  d i s c r e t e  1 -D  S c h r o d i n g e r  e q u a t i o n  

Here we used the fact that

|1 + е Ч.4(|2 =  4 со52 ( ? * ! ^ )  =

In virtue of (17), we have C s C C ? and then we getш і2

16

4 +  x l,hM2

< -------and 4 +  Л? ,,Δί2 < 4 +  <52.

On the other hand, we have
2M

Δ(Ε
11 = 0

"N+1 +  "N
2 h

M

= A»E
n=Q

M
=  Δ ί Ε

n=0

I k\,h

λk,h<
2/z

Si

E bke'4 '‘
nAt

Si

M
=  a <e

n=0

£  ^ 6*·/(λΜ.Δί)«

λ*,Λ-5Ї

where /(f) =  2arctan( j) .  It is clear that the function / satisfies the assumptions of Theorem 
7. Besides, it was proved in [9] that for all ε Є (0,1), we have

■̂k+l,h ~ λ-k'h ^ 37Г — ε.

Consequently (19) is verified with θ =  3π2 — ε. Applying Theorem 7, we obtain

£ 0 < C (4 +   ̂ ) д ^
4 — 7

2\ M
-At

n= 0

n+ 1 i ,.n
N

2/i

for all T > Ts —

3.2 Uniform controllability of (14)

□

In this part, we present the following uniform partial controllability result for system (14) 
and the convergence result for the controls.

The partial controllability problem for system (14) in the space Hh l consists of finding a 
control (pJJ)o,i,...,m such that for all initial data і/0 Є H^1 the solution ψ  of (14) satisfies

Ps¥
.M+l _0,

where δ is the same in Theorem 6 and Ps is the orthogonal projection over Q /Δί.
The main result of this paper reads as follows.

Theorem 8 . Let T, 7 , r  and δ be given as in Theorem 6. Then for every At and h small enough 
and every у0 Є H_ 1 (0,1), the system (14) is partially controllable on H^1 with controls v%■ 
Moreover, we have:

i) the controls o f  minimal norm are uniformly bounded with respect to At;

ii) the controls v1̂ converge to a control v o f  the minimal L2-norm o f  the controllable system  
(4).



Proof. For any given T > Tg, choose 7 , r  and δ as in Theorem 6 to guarantee the uniform

observability (18). Multiplying the first equation in (14) by a solution -1—j —-  of (15), adding in 
j  and n and taking the imaginary parts, we get

M n+ 1 і л п
N

2 h
(20)

n=0 j=0

Let й" Є Q /ді be the solution of (15) with initial data й° and define the functional
Jh,At: R " -> R  by

A f M
W « -° ) =  t E

n=0

. .П + 1 і
N +  N

2/1

IV

For й” Є Q /Д; we have

- J m / ' E i ' r
i=0

N
Im ^ Е у?й/

/=0
< (Ргу°,й°)км < ||ρ^°||ηγι ||μ IhJ- (21)

The functional //, is continuous and convex. Moreover, in view of the observability inequality 
(18), it is clear that JjhAt is coercive. Thus, there exists unique minimizer ii° of Jh,Ai,

Jh,At(ii0) =  min Jh,At(u°).
*° e Cs/At

Let йп Є Cg/At be the solution of the system (15) with initial data u°. The u° satisfies the 
Euler-Lagrange equation. Calculating The Gateaux derivative of Jh,At in w°, we get

M anN+1 +  anN anN+1 + N

f->0 t 2 h 2 h -  Im h E  V(j ή  ■
n= 0 /=0

Therefore, according to (20) we choose the control function uJJ in system (14) as follows
)И+1 i fin
‘N „  =  0 ............M_ c 1 +  й” 

й 2Й
We now check the uniform boundedness of the controls v .̂ We have

/Λ,Δί(ώ°) < W O )  -  0,

and by (2 1 ), we get
лп+1 i -jn 

+  UN
2 h

Applying the observability inequality (18) we obtain

2M

Δ ί Σn=0

where we used

2 h <  2 i
'2C(4 +  δ2)

4 — 7 h:
m

Δ ίΕ
n=0

ύ Ν+1 +  ClN
2h

лЯ+Іі ля

£° =  і||й°| 2 її i «2·
Consequently, the controls v% — N 2h N satisfy

M

δ ' Σ Κ Ί < С ( Т ,3 ,7 )  ЦР^Ин,-.·

Therefore, the controls are uniformly bounded with respect to At.
Let us now give some details for the proof of the convergence result. Indeed the proof is 

standard and one may use the method developed in [12]. Note that with the notations (16), the 
controls (i>£) are of the form

^  E  mkeiak;'nAt( l  +  elK̂ 1) sm(knNh),
2 H  \ Kh< 3 / A t

where (mjt)fc are the Fourier coefficients of the solution Un E Cs/At of (15), with initial data й° 
being the minimizer of the functional Jh^t-

We define the continuous extension of the discrete controls by

Vh(t) =  E  rnkel0ik'ht(\ +  emk'l,At) sm(knNh).  
a k,h < s / A t

Now, from the boundedness of (uJJ), we see that, extracting subsequences, for some v Є 
L2(0, T) and й° Є Hg(0,1), vh —> v weakly in L2(0, T), йЦ —>· й° weakly in 0,1), as At —> 0. 

Moreover, one can show by standard arguments, that

v =  - й х(1 ,t),

where й is the solution of (1) with initial data й° Є Hq(0, 1), the unique minimizer of the 
functional / given in (5). Letting At —> 0 and Ax —» 0 in (20), we get

T  1
Re [  viix(\)dt +  Im [  y°U°dx =  0,■Jo Jo

and this later condition implies that the solution of system (4) with control v given as above 
satisfies y(T) =  0.

On the other hand, taking into account the convergence of the linear term of the discrete 
functional Jh At to the linear term of the discrete continuous functional J, and the structure of / 
and Jh/At> we deduce that

T T
f  \vf,\2dt —> [  \v\2dt as A —> 0.Jo Jo

This combined with the weak convergence ensure the strong convergence desired. □
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PALEY-WIENER-TYPE THEOREM FOR POLYNOMIAL ULTRADIFFERENTIABLE
FUNCTIONS

The image of the space of ultradifferentiable functions with com pact supports under Fourier- 
Laplace transformation is described. An analogue of Paley-Wiener theorem for polynomial ultra­
differentiable functions is proved.

Key words and phrases: ultradifferentiable function, ultradistribution, polynomial test function, 
Paley-W iener-type theorem.
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In t r o d u c t i o n

In general Paley-Wiener theorem is any theorem that relates decay properties of a function 
or distribution at infinity with analyticity of its Fourier transform [16]. For example, the Paley- 
Wiener theorem for the space of smooth functions with compact supports gives a characte­
rization of its image as rapidly decreasing functions having a holomorphic extension to C of 
exponential type.

There are plenty of Paley-Wiener-type theorems since there are many kinds of bound for 
decay rates of functions and many types of characterizations of smoothness. In this regard 
a wide number of papers have been devoted to the extension of the theory on many other 
integral transforms and different classes of functions (see [1-3,6,9,15,17,18,20-22] and the 
references given there).

Let 0β := Q^(Rd) be the space of Roumieu ultradistributions on R d and @β :=  ^ ( R rf) be its 
predual. A Frechet-Schwartz space (briefly, (FS) space) is one that is Fr6chet and Schwartz si­
multaneously (see [23]). It is known (see e.g. [10,19]) that the spaces 0'β and G(i are nuclear 
Frechet-Schwartz and dual Frechet-Schwartz spaces ((DFS) for short), respectively. These 
facts are crucial for our investigation.

In this article we consider Fourier-Laplace transformation, defined on the space 0β of ultra­
differentiable functions and on the corresponding algebra V(Q^) of polynomials over Q'̂  [12 ],

which have the tensor structure of the form ®/,„ Q^n (see Theorem 1).
We completely describe the image of test space ζ}β under Fourier-Laplace transformation 

(see Corollary 1 and Theorem 2) and prove Paley-Wiener-type Theorem 3 for polynomial ul­
tradifferentiable functions.

©  Sharyn S.V., 2015
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1 P r e l im in a r ie s  a n d  n o ta tio n s

Let ~έ?(Χ) denote the space of continuous linear operators over a locally convex space X 
and let X' be the dual of X. Throughout, we will endow J f ( X )  and X' with the locally convex 
topology of uniform convergence on bounded subsets of X.

Let ®p denote completion of algebraic tensor product with respect to the projective topo­
logy p. Let X®", n Є N, be the symmetric nth tensor degree of X, completed in the projective 
tensor topology. Note, that here and subsequently we omit the index p to simplify notations. 
For any x Є X we denote x®” x ® · ■ · 0  x Є X®", n Є N. Set X®° :=  C, x®° :=  1 Є C.

П
To define the locally convex space V n(X')  of «-homogeneous polynomials on X'  we use 

the canonical topological linear isomorphism

V n (x ')  ^  (x '® ny

described in [4]. Namely, given a functional pn Є (X'®n)', we define an «-homogeneous poly­
nomial Pn Є Vn(X')  by Pn(x) '■= Pn(x®”)/ x Є X ' . We equip Vn{X')  with the locally convex 
topology b of uniform convergence on bounded sets in X ' . Set Vq(X')  :=  C. The space V (Xі) 
of all continuous polynomials on X'  is defined to be the complex linear span of all VAX') ,  
n Є Z+, endowed with the topology b. Denote

r m : = © f > C  ®  X®n.
neZ+ пеЖ+

Note, that we consider only the case when the elements of direct sum consist of finite but not 
fixed number of addends. For simplicity of notation we write T(X)  instead of commonly used
Г f i„(X).

We have the following assertion (see also [12, Proposition 2.1]).

Theorem 1. There exists the linear topological isom orphism

Y x : Y ( X ) - + V ( X ' )

for any nuclear (F) or (DF) space X.

Let A : X — > Y be any linear and continuous operator, where X, У are locally convex 
spaces. It is easy to see, that the operator A <g> ly, defined on the tensor product X ® Y by the 
formula

(A <S> h ) ( x  ®y) ■— Ax ® y, x Є X, у Є У,

is linear, where Ιγ denotes the identity on У. The operator A <g> Ιγ is continuous in projective 
topology p and it has a unique extension to linear continuous operator onto the space X ®p У. 

The following assertion essentially will be used in the proof of Theorem 3.

Proposition 1 ([13]). For any nuclear (F) or (DF) spaces X, Y, and any operator А Є Jz?(X, Y) 
the follow ing equality holds

ker(A <g) Ιγ) =  ker(A) У.

2 S p a c e s  o f  f u n c t i o n s

Let us consider the definition and some properties of the space of Gevrey ultradifferen­
tiable functions with compact supports. For more details we refer the reader to [10,11].

We use the following notations: tk :=  tkl ■... ■ tkdd, kkP :=  ■... ■ k ^ ,  \k\ k\ -f · — Ь k̂
for all t =  ( t i , . . . J d ) Є ]Rd (or Cd), k — (k\,.. .,kd) Є Z+ and β >  1. Let dk :=  . . .  dkdd, where

]ζ . J ]ζ ■ J
dj' :=  д i/dtj', j  =  1 , . . . ,  d. The notation μ -< v with μ, v Є IR means that μ\ < V\ , . . . ,  μ̂  < v̂  
(similarly, μ У v). Let [μ,ν] := [μ\,νλ] χ . . .  χ [μά, vd] and (μ,ν) :=  (μι,ν\) x . . .  x (μα,να) for 
any μ -< ν. In the following t Є [μ, v} means that tj Є [μι, Vj] and t —> oo (resp. t -» 0) means 
that tj —> oo (resp. tj —> 0) for all ; =  1 , . . . ,  d.

A complex infinitely smooth function φ on Rd is called a Gevrey ultradifferentiable with 
β > 1 (see [10, II.2.1]) if for every [μ, v] C there exist constants h > 0 and C > 0 such that

sup |3*<p(f)| < Ch^kk̂  (1 )
fe M

holds for all k Є Z _̂.
For a fixed h > 0, consider the subspace [μ, v] of all functions supported by [μ, v] C IR1* 

and such that there exists a constant C =  C(cp) >  0, that inequality (1) holds for all k Є 
Z^. Therefore, the space of ultradifferentiable functions with compact supports is defined as 
follows

S js tM  :=  W  Є C°°(Rd) : supp<p C {μ,ν],\\<Ρ\\ς*[μ,ν} < °°}/

with the norm

Proposition 2 ([10]). Each Qh„ [μ, v] is a Banach space, and all inclusions Qg [μ, v] Gl [μ, v] with’fill·*’ 17J а an liiuuoiwia У ~  U
/β [μ, v] is closed subspace in L 

This proposition implies that the set of Banach spaces

h < I are compact. Moreover, i f  [μ, v] C [μ', ν'], then Q'n [μ, v] is closed subspace in Qh„ [μ1, ν'].

{θβ[μ,ν} : [μ,ν] C R li, h >  θ }

is partially ordered. Therefore we can consider this set as inductive system with respect to 
stated above compact inclusions. Hence, we define the space

5«(R '') :=  II βίΐμ,ν],  5 (J(Rli) c; lim ind5 j(/(,i'],
μ £ ί >  0 l‘^ h>°

and endow it with the topology of inductive limit.
The strong dual space Q^(Rd) is called the space of Roumieu ultradistributions on IR1*.

Proposition 3 ([10]). The spaces 0β(Έ.ά) and Q^(Rd) are nonem pty locally convex nuclear re­
flexive spaces. Moreover, ζ!β(]Κά) is (DFS) space, and Q^(Rd) is (FS) space.

Next define the space of entire functions of exponential type, which will be an image of the 
space 0β(Κα) under the Fourier-Laplace transformation (see Section 3).



Let M be a set in JRd. The support function of the set M is defined to be a function

HM(x) =  sup(f,x), x e K d,
teM

where (t ,x ) :=  t\X\ +  ■ · · +  t̂ Xd denotes the scalar product. It is known [7], that Ημ {ϊ]) is 
convex, lower semi-continuous function, that may take the value + 00. If M is bounded set, 
then its support function is continuous.

Let Br C Crf be a ball of a radius r > 0. The space E(Cd) of entire functions of exponential 
type we will endow with locally convex topology of uniform convergence on compact sets. 
This topology can be defined by the system of seminorms

Рг,мО) :=  sup \ψ(ζ)\ε~ΗΜ̂ \ 
zeBr

where η =  (η\,. . .  ,ηα) Є R d is imaginary part of 2 =  (2 1 , . . . ,  zd) Є Cl/.
Fix an arbitrary real β > 1. For a positive number h >  0 and vectors μ =  (μ\,. . . , μ^), 

ν =  (vi, . . . ,  Vd) Є !Rd, such that μ -< v, in the space of entire functions of exponential type we 
define the subspace Εβ[μ, v] of functions Cd 3 2 1— > ψ(ζ) Є C with finite norm

.. . \zkip(z)e~Ĥ 'v№\

M c > vi — » 5 — ■ (2)

Since for any r > 0 and ψ Є ΕΗβ[μ, v] the next inequality Ρ φ ,ν](ψ) < ||ψ||£Ηβ \μ,ν]is valid, then all 

inclusions Εβ[μ,ν] 9-> E(Cd) are continuous.

Proposition 4. Each space Εβ[μ, v] is Banach space, and all inclusions

Εβ[μ,ν] 'H Εβ[μ',ν'] with [μ,ν] C [μ1,ν'], h < h',

are compact.

Proof. Let us prove the completeness of the space Εβ[μ, v]. Let {tpm}meN be a Cauchy sequence 
in Εβ [μ, v]. It means that for every ε > 0 there exists an integer Νε Є N  such that V m, n > Νε 
the next inequality \\ipm — ipn II ê  [μ,ν] < ε is valid.

The following inequality

SUP 4 w e_HM<,) 5  i n k i n '  f 6 t y t 1·
z e B r

is obvious for all k Є and r > 0. It follows that {<pm}meN/ where q>m(z) :=  is
fundamental sequence in the space of entire functions of exponential type. Therefore for any 
k Є Z^ and r >  0 we have

-rki2Г І Ц )  M z))\ e-HM (v) < ε  V m, n >  Νε. (3)
zeBr h\k\kkP

Since {<pm}weN is fundamental sequence, it is bounded in E(Cd). From the Bernstein theorem 
on compactness [14, theorem 3.3.6] it follows that there exist a subsequence N and a
function φ Є E(Cd) such that the following equality is satisfied

lim sup — —km ί ^ ,  / (ζ))  ̂ = 0 , k Є Z d+, r > 0.
km-Kx>zeBr h\k\kkP

Let us pass to the limit in (3) as m — km —> 00. Consequently, for all k Є Z+ and r > 0 we 
obtain the inequality

sup !**(»(*)-ft(*))lе-н„„|(,) <  £

which satisfies for all n > Νε. Hence from the triangle inequality we obtain

where no =  Νε +  1 .
Taking a supremum over k and r in the above inequality, we obtain

\\ψ\\Ε>>[μ,ν] ^ \\Ψ»θ\\ΐ*\μ.ν]+ε'

therefore ψ Є Εβ [μ, ν]. Hence, the space Εβ [μ, v] is complete.
The compactness of inclusions Εβ[μ,ν]  Я-> Εβ[μ',ν']  with [μ,ν] C [μ',ν'], Ιι < h' follows 

from obvious inequality e~ and from [10, pp. 38-40]. □

Define the space

Ε β {€ ά ) : =  ( J  Εβ[μ,ν], Εβ ( € ά ) ~  limind Ε^μ,ι/],
fi^,v,h>0 μ v, >

and endow it with the topology of inductive limit with respect to compact inclusions from the 
Proposition 4.

In what follows to simplify the notations we will write 0β :=  0β(Κά), := Q^(Rd),
Εβ : =  Εβ (C d), Ε'β : =  Ε'β (C d).

3 F o u r i e r - L a p l a c e  t r a n s f o r m  a n d  P a l e y - W i e n e r - t y p e  t h e o r e m

Consider the inductive limits of Banach spaces

Etι[μ,ν\ :=  Μ  ΰβ\μ,ν], Εβ [μ,ν] ^  lim ind0α[μ ,ν],

and
9β [μ/ν] := U  9 β [μ , ν ] ,  0 β [μ , ν ]  ~  Hn^nd^ [fi, ν].

h>  0 °°

On the space 0β we define the Fourier-Laplace transform

ψ(ζ) :=  (F f) (z )  =  Γ e~l '̂z^ ( t )d t ,  φ Ε ΰ β ,  z e C d. (4)

Our main task is to show, that the function φ(ζ)  belongs to the space Εβ, moreover, we 
will prove that the mapping F : 0β — > Εβ is surjective. For this end we prove the following 
auxiliary statement, which can be found in [8, Lemma 1], but our proof is different.



Proposition 5. The im age o f  the space Οβ[μ, v] with respect to m apping F is the space Εβ [μ, v).

Proof. Let φ Є Οβ[μ,ν], Properties of the Fourier transform imply dk(p(z) =  zkcp{z) for all 
k Є Z _̂. Therefore for any z and k we haveJ+

\zkφ(ζ)\ =  I f  ε -^ 'ζΨ φ ( ή ( ϋ  < f  \ β - ^ β ^ ^ φ ( ή \ ά ί  
1 JRd J[fi,v]

f it.
Pu J[w,v]

<

It follows

I [μ,ν]

Чи, 1

β Μ  -  с І М Ц м '  &

where C =  Π/=ι(vj ~ Fj)· Hence, F(Q^[μ,ν]) c  Ε^[μ,ν].
Vice versa. Let ψ Є Εβ[μ,ν]. It is known, that the norm of the space Εβ[μ,ν] can be defined 

by the formula
]zkip(z)e~Ĥ ’v̂  I

moreover, the topology, defined by this norm, is equivalent to earlier defined (see (2)). It fol-

?[

kip(z)\ <  ChW\k\\PeHM {,l) (6)

lows that for each function ψ Є Εβ[μ,ν]  there exists a constant C such that the inequality

holds for all z Є Cd.
The following inequality

=  ( S " ) f  =  ( Σ  > lS ·
m=0

holds for all t Є IR and m Є Z +. In particular, for t =  \z\/h and m =  \k\, we obtain

A V ) 1”
h\k\\k\\P'

Hence from the inequality \zk\ <  |z|M it follows

в гнм „) >

\zk\ -  em ) W ’

where L =  Ιγ. So, if the function ψ satisfies the inequality (6), i.e. belongs to the space Εβ[μ, v], 
then it satisfies the inequality

\ψ{ζ)\ <

From the theorem [10, theorem 2.22] it follows that there exists a function φ Є Οβ[μ,ν] such 
that φ =  ψ, i.e. Ε^[μ,ν] C F(Q^[μ,ν])·

Hence, we have proved F ( Q ^ ,v ] )  =  Ε^Ιμ,ν]. Since the constant h >  0 is arbitrary, prop­
erties of inductive limit imply the desired equality

Ρ(^β[μ,ν])  =  Εβ[μ,ν].

□

The immediate consequence of the Proposition 5 and of the properties of inductive limit is 
the following assertion.

Corollary 1. The im age o f  the space 0β with respect to mapping F is the space Εβ.

Therefore, we may consider the adjoint mapping F' : Εβ — » Q̂ .

Theorem 2. There exist the following topological isom orphism s

F (5 p )  — Εβ a n d  F'(E^) *  Q’f .

Proof The inequality (5) implies, that the mapping

F ■ Οβ[μ, v] 3 φ 1— > φ Є Εβ[μ, ν]

is continuous. From the Proposition 5 we obtain the surjectivity of the map. Therefore, 
the open map theorem [5, theorem 6.7.2] implies the topological isomorphism Ρ(§β[μ, v]) ~  
Εβ [μ, ν]. Since the segment [μ, v] is arbitrary, the properties of inductive limit imply the desired 
topological isomorphisms. □

Using the Theorem 1 and a tensor structure of the space

Γ (6 ρ) :=  Θ / ,Λ ® ” C θ  S f" .
iie Z f

we extend the mapping F to the mapping F®, that defined ο η Γ (^ ) .
At first, take an element φ®" Є Q^n, with φ Є Οβ, from the total subset of Q^n■ Define the 

operator F®” as follows

F®" : </?®n i— * φ®” and F®° := 7C,

where <p®” :=  (Ρφ)ύη. Next, we extend the map F®" onto whole space Q fn by linearity and 

continuity. So, we obtain F®” Є .5f(G^n, E^n). Finally, we define F® as the mapping

F ® : = ( F ® ”) : r ( S p ) B p : = ( p n )  — ► ? : = ( ? » )  Є Г(Е„), (7)

where p n є gf", p ,  ■■= F®"p„ Є E f n.
The following commutative diagram

η β β )

Γ(ΰβ)
p®

-Ρ(Εβ)

■Γ(Εβ)

m

ν(Ε'β). The map Ер we will call the polynomialuniquely defines the operator Fp : V(G^) - 
Fourier-Laplace transformation.

We proved above that the mappings F : Οβ — > Εβ and F' : Ε'β — > ζ'β are topological 
isomorphisms. Let us prove the analogue of this result. The next theorem may be considered 
as Paley-Wiener-type theorem.



Theorem 3. Polynomial Fourier-Laplace transformation is topological isom orphism  from the 
algebra into the algebra

Proof. From the Theorem 1 and commutativity of the diagram (8) it follows that it is enough 
to show that the mapping F® : Τ(6β) — > Г(Е^) is topological isomorphism.

Theorem 2 and Corollary 1 imply the following equalities

kerF =  {0} ,  kerF- 1  =  {0}.

Let us consider the operators

Ιςβ 0  F : Οβ 0  Qp — > 0β ®Εβ,  F 0  ΙΕβ : ΟβΘΕβ — > Εβ 0  Εβ,

Ιεβ 0  F - 1  : Εβ 0  Εβ — > Εβ 0  Οβ, F - 1  0  Ιρβ : Εβ 0  £β  — > 0β  0  <3β.

Since spaces Οβ and Εβ are nuclear (DF) spaces, Proposition 1 implies the equalities

ker(J^ 0  F) =  {0} ,  ker(F 0  1Εβ) =  {0},

кег(І£^ 0  F - 1 ) =  {0} ,  ker(F- 1  ® Ιςβ) =  {0}.

Therefore, compositions of these operators have the trivial kernels, i.e.

ker ((F 0  ΙΕβ) ο ( Ιςβ 0  F)) =  ker(F 0  F) =  {0},  

ker ((F" 1 0  Ι6β) ο ( ΙΕβ 0  F " 1)) = ker(F- 1  0  F _1) = {0}.

Proceeding inductively finite times, we obtain

ker F®” =  ker ( F 0  · · · 0  F ) =  {0},
' ■'■“■V--------

П
ker(F-1 )®” =  ker ( F- 1  0  · · · 0  F _1 ) =  {0},

V---------------ν'-------------- J
Π

for all natural n. Note, that the mappings F®", (F-1 )®" are continuous as tensor products of 
continuous operators. Since (F® '1)- 1  =  (F-1 )®", the mapping F®” : Q^n — > E^n is topolo­
gical isomorphism. Finally, the map F® : Τ(0β) — > Γ(£^) is topological isomorphism via the 
properties of direct sum topology. □
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У статті описано образ простору ультрадиференційовних функцій з компактними носіями 
відносно перетворення Фур'є-Лапласа. Доведено аналог теореми Пелі-Вінера для поліномі­
альних ультрадиференційовних функцій.

Ключові слова і фрази: ультрадиференційовна функція, ультрарозподіл, поліноміальна ос­
новна функція, теорема типу Пелі-Вінера.
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